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Abstract. The Boolean abstraction technique translates (i.e., Booleanizes)
an LTL modulo theories specification into an equi-realizable LTL speci-
fication. This solves the realizability modulo theories problem. However,
synthesis modulo theories is a different problem: the system has to re-
ceive valuations in a first-order theory T and output valuations in T .
In this work in progress, we address how to meet this need without a
pure synthesis method, but solving ’synthesis’ on-the-fly by synthetising
a Boolean controller from the Booleanized LTL specification and ship-
ping it with a method that provides models in satisfiable instances of
existential formulae (e.g., an SMT solver).
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active realizability, Boolean abstraction, SMT solvers, Model finding,
Quantifier elimination, On-the-fly symbolic computation

1 Introduction

1.1 Problem statement

Both reactive synthesis and realizability are decidable in classic LTL, but there
is no decidable method for synthesis nor realizability in LTL modulo theories
(LTLT ): the extension of LTL where Boolean atomic propositions can be literals
from a (multi-sorted) first-order theory T . However, the Boolean abstraction
method [1] translates (i.e., Booleanizes) specifications in reactive LTLT into equi-
realizable purely Boolean LTL ones. This solves the realizability modulo theories
problem, since we can use classic off-the-shelf methods to decide realizability of
Booleanized LTLT formulae.

However, for synthesis modulo theories, it is not enough to synthetise a con-
troller for the Booleanized specifications: we need to both receive from the en-
vironment a set of input valuations in the original T and the system to output
another set of valuations in T . This requires a new synthesis procedure. Nev-
ertheless, we note that the pure correct-by-construction synthesis algorithm for
LTLT has some technical difficulties that need yet to be further researched: for
instance, the synthesis method may vary substantially depending on T (e.g.,
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with a different analytic tableaux method [2]), or some synthesis methods may
be incomplete (e.g., need to compute Skolem functions from scratch [3]). There-
fore, we propose an alternative general method that mimicks how a synthetised
controller would behave by receiving and outputting valuations in T . This is
implemented using, on-the-fly, procedures that provide models of existential for-
mulae of T . Concretely, the method we propose (1) receives an LTLT specifi-
cation, (2) Booleanizes it, and makes use of (3) the controller synthetised from
the Booleanized specification (4) shipped with a model-provider (e.g., an SMT
solver); and both the controller and the provider are executed infinitely many
often. To guarantee termination of the Booleanization process, the specification
needs T to be decidable on its ∃∗∀∗-fragment 3. Also, once the Boolean con-
troller is built, to guarantee that the embedded controller + solver architecture
terminates infinitely many often (i.e., for each timestep of the potentially infi-
nite trace), we need T to have a terminating procedure to provide models of
existential fragments of T . This approach does not guarantee termination using
semi-decidable T , but still yields a partial solution for such cases.

As far as we know, this is a novel method and the first successful decidable
algorithm for reactive synthesis of LTLT . We explain the method and its limita-
tions, together with a running example of it. We also raise some possible future
research lines.

1.2 Boolean abstraction

We consider an approach that transforms a non-Boolean specification into a
purely Boolean specification by (1) substituting theory literals by Boolean vari-
ables, and (2) computing an additional Boolean formula that captures the de-
pendencies between the new variables imposed by the literals. This approach is
called Boolean abstraction, and guarantees that the resulting specification can be
passed to existing Boolean off-the-shelf synthesis and realizability tools, and is
realizable if and only if the original specification is realizable. As for an example
of reactive specifications in LTLT , let □ and  be the usual globally and next
operators in LTL, respectively; and consider φT = □(R0 ∧R1), where:

R0 : (x < 2) � (y > 1) R1 : (x ≥ 2) � (y < x),

where its Booleanized version is φB = (φ′′ ∧ (e0 ↔ ¬e1) ∧ (e1 ↔ ¬e2) ∧ (e0 ↔
¬e2) ∧ □φExtra), where φ′′ = (s0 � s1) ∧ (¬s0 � s2) is a direct translation of
φT (where s0 models (x < 2), s1 models (y > 1) and s2 models (y < x)) that
over-approximates the power of the system and φExtra is an additional formula

3 This is the prenex-normal-form one-quantifier-alternation fragment in which a set
of existentially quantified variables is followed by a set of universally quantified
variables. This fragment includes, e.g., that all decidable theories such as linear
integer arithmetic and real arithmetics
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that makes φB to preserve the original power of each player in φT :

φExtra :


e0 �

(
c1 ∨ c2 ∨ c3

)
∧

e1 �
(
c5 ∨ c6)

∧
e2 �

(
c4 ∨ c5 ∨ c6)

 ,

where e0, e1, e2 ∈ B belong to the environment and where c1 = (s0 ∧ s1 ∧ ¬s2),
c2 = (s0 ∧ ¬s1 ∧ s2), c3 = (s0 ∧ ¬s1 ∧ ¬s2), c4 = (¬s0 ∧ s1 ∧ s2), c5 = (¬s0 ∧
s1 ∧ ¬s2) and c6 = (¬s0 ∧ ¬s1 ∧ s2), where s0, s1, s2 ∈ B belong to the system.
Also, the names c1 to c6 stand from choice, which means that, given a decision
ei of the environment, the system can react with one of the choices cj in the
disjunction implied by ei; thus, we call valid reactions to the set of cj that form
the disjunction of choices, one valid reaction per ei. Note that e0 ∪ e1 ∪ e2 is a
(finite) partition in the domain of the (infinite) valuations of the environment,
where e0 abstracts its decision x such that (x < 2), e1 represents x such that
(x = 2) and e2 represents (x > 2). Also, note that VR is the set of valid reactions
and Fr is the reaction-formula, i.e. the conjunction of reactions into a formula,
which is needed for some calculi (more information about these can be found at
[4]. It suffices for the reader to know that each valid reaction (thus, also each
reaction-formula of a valid reaction) is related to its own ek.

2 Work in progress method

2.1 Description of the architecture

Overall view For synthesis modulo theories it is not enough to synthetise a
controller for the Booleanized LTLT specifications: we need to both receive from
the environment a set of input valuations in T and the system to output another
set of valuations in T . For instance, if the input is x = 5 such that x ∈ Z, we
cannot return a w ∈ B: we need to return a concrete y ∈ Z, e.g., if □(y > x)
must hold, then f(x) = x + 1 is a suitable output that models ∀x∃y. (y > x),
used infinitely many often. However, methods to construct such (e.g., Skolem)
functions may vary depending on T (and may not exist for some ∃∗∀∗-decidable
T ), while we are interested in a more general method.

Fig. 1 shows that the on-the-fly LTLT specification-mimicking method con-
sists on shipping the Boolean controller synthetised from a ϕB (which has been
Booleanized from a ϕT ) with a method that provides models in T . At each
instant of time, (1) given the valuation [x ← v] of the environment (where
x, v ∈ T ), then (2) the controller responds with a choice ci ∈ B. This choice is
translated with trans() into its meaning in T in a DPLL(T) [10] fashion (e.g.,
in the example, if ¬s0 ∧ s1 ∧ ¬s2 holds, then ¬(x > 2) ∧ ¬(y > 1) ∧ (y < x)
holds), getting cTi ; and valuation v substitutes x in cTi . Then, (3) if a procedure
(e.g., an SMT solver) uses model() and returns a model w of the existential
formula φm = ∃y. cTi (y), then w is guaranteed to be a valuation [y ← w] that
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Fig. 1. The on-the-fly synthesis mimicking architecture.

does not violate the original ϕT (where y, w ∈ T ). Note that φm is guaranteed
to be satisfiable because of the nature of the Boolean abstraction algorithm [1]:
since choices selected by the system in this step are associated to a valid (thus,
satisfiable) predicate in T .

Controller, partitioner and provider We now describe the parts of the ar-
chitecture in more detail. Constructing the controller is straightforward: once we
have the Booleanized specification, we can synthetise a model for it with classic
tools (such as Strix or AbsSynthe). However, even if the discrete behaviour of
the controller is semantically equivalent to the original one, we need the original
system to output valuations in T (resp. environment input valuations in T ).

As for the partitioner, note the function getVR : ET � V R, which receives
a valuation of the environment variables v (the overline in v denotes one or
more variable valuations) and returns the only valid reaction r for which Fr(v)
holds. In each timestep, the partitioner receives a valuation v of the environment
variables x and its goal is to classify it in one of the discrete partitions e in order
to provide an input Boolean variable e to the Boolean controller. Thus, the
partitioner block is the infinite application of getVR().

The provider is the function that, at the end, constructs the valuation [y ← w]
that satisfies the original specification. It is a simple technology: it receives a
choice ci (by means of its combination of fresh Boolean variables of the system
s0, s1, ...), translates the meaning of these si into the original T , leaving cTi , and
performs the query ∃y ∈ T .cTi , which is guaranteed to be satisfiable. It could be
the case, though, that obtaining the query is not fast enough for online safety
critical contexts; so the current recommendation is to use this approach in offline
tasks (e.g., offline monitoring of rich properties).

T must have a model-providing method. In the explanation above, we
made a simplification for the sake of the comprehension: we assumed we had
a procedure to extract models of existentially-quantified formulae of a given
T . However, even if it may seem so, not every ∃∗∀∗-decidable fragment of T
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necessarily has a procedure that guarantees to return a model of existential
formulae.

Thus, in order to use the on-the-fly approach with a termination guarantee,
T must have a terminating model-provision method on existential formulae in-
stances. Sometimes, these methods can be derived from quantifier-elimination
methods, so this is also a desirable property for T (and also helps faster Boolean
abstraction). If T does not meet these conditions, then there is no guarantee of
finding any T -valuation for witnessing of the Boolean strategy; yet we can try
an incomplete method, such as using an SMT solver.

Note that, by construction, DPLL(T)-based SMT solving always finds a
model in case of the instance being satisfiable, but there are other more chal-
lenging theories; e.g., theories that may be have been proven decidable through a
quantifier elimination method, but do not have a constructive method to provide
models.

2.2 Complete Running Example

If we interpret it in the theory of integers, the example of the introduction
is unrealizable, so we cannot use the on-the-fly approach, because no Boolean
machine is synthetisable. We still used it because we find interesting to show
why it is unrealizable: it suffices for the environment to play any x such that
(x < 2) in the first timestep and (x = 2) in the second timestep. Moreover, the
environment can win in two steps no matter what the system plays. However, a
slight modification in the specification turns it into realizable: we modify (y < x)
by (y ≤ x) and still T = TZ. Then, consider φ′

T = □(R0 ∧R1), where:

R0 : (x < 2) � (y > 1) R1 : (x ≥ 2) � (y ≤ x),

where its Booleanized version is φ′
B = (φ′′ ∧ (e0 ↔ ¬e1) ∧ (e1 ↔ ¬e2) ∧ (e0 ↔

¬e2) ∧ □φExtra), where φ′′ = (s0 � s1) ∧ (¬s0 � s2) is, again, a direct trans-
lation of φ that over-approximates the power of the system and φ′

Extra is the
additional formula (after some simplifications):

φ′
Extra :

 e0 �
(
c1 ∨ c2

)
∧

e1 �
(
c4 ∨ c5 ∨ c6)

 ,

where, again, e0, e1, e2 ∈ B belong to the environment and where, again, c1 =
(s0∧s1∧¬s2), c2 = (s0∧¬s1∧s2), c4 = (¬s0∧s1∧s2), c5 = (¬s0∧s1∧¬s2) and
c6 = (¬s0∧¬s1∧s2), where s0, s1, s2 ∈ B belong to the system. Note that, of the
e0 ∪ e1 ∪ e2 partition, where e0 represents (x < 2), e1 represents (x = 2) and e2
represents (x > 2), we did not consider e2 for this example as an interesting case,
since e2 gives strictly more power to the system and the environment will never
choose it [4]: this is because there will be no play that the environment can win
using e2 rather than e1. Thus, we abuse notation and e1 represents (x ≥ 2), but
it is the particular case x = 2 the one that gives more power to the environment
(i.e., restricts the system the most). Note that φB has the same partitions, but
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with different choices implied by them: if the environment chooses e0, then it
leaves choices c1 and c2 to the system; if it chooses e1, then it leaves c4, c5 and
c6.

We show a concrete execution (see Fig 2) and see that the T -system always
has the opportunity to respond, since the Boolean system is realizable. Note
that a valid (positional) strategy of the system is to always play y = 2; which
is equivalent to saying that a synthesised machine could have been a constant
function y = f(x) = 2.

Fig. 2. Simulation of 5 steps, where we can see what values the environment chooses
(and which is the predicate that this choice satisfies), together with the values that
the system chooses according to the restrictions (of the current timestep or/and of the
previous timestep).

Step 1: Environment forces instant response Let x = 4, which holds
(x ≥ 2) and forces constraint (y ≤ x). We are in partition e1, which implies
choices {c4, c5, c6}. Thus, the system can choose c6 to imitate the y = [y = 1] of
Fig 2. Further details are as follows:

1. ∃y. c4(y, x), with fixed xT = [x = 4].

– B : ¬s0 ∧ s1 ∧ s2
– T : (x ≥ 2) ∧ (y > 1) ∧ (y ≤ x)

(4 ≥ 2)✓ ∧ (y > 1) ∧ (y ≤ 4),

where the ✓denotes that a ground predicate holds, because it is the envi-
ronment decision itself.
Thus, we have a finite set of models m(y) = {2, 3, 4}. Take, e.g., the least :
i.e., y = [y = 2], which holds the (y ≤ x) constraint of the specification.
Thus, in this step, c4 is not violating the specification; i.e., the system in
B will potentially choose it in these plays. Note that, particularly c4, can
always be chosen.

2. ∃y. c5(y, x).
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– B : ¬s0 ∧ s1 ∧ ¬s2
– T : (x ≥ 2) ∧ (y > 1) ∧ (y > x)

(4 ≥ 2)✓ ∧ (y > 1) ∧ (y > 4)
Thus, we have infinite models m(y) = {5, 6, 7, ...}. Take least, i.e., y = [y =
5], which does not hold the (y ≤ x) constraint of the specification. Thus,
in this step, c5 is violating the specification; i.e., the system in B will never
choose it in these plays. Note that, indeed, c5 can never be chosen without
violating the specification.

3. ∃y. c6(y, x).
– B : ¬s0 ∧ ¬s1 ∧ s2
– T : (x ≥ 2) ∧ (y ≤ 1) ∧ (y ≤ x)

(4 ≥ 2)✓ ∧ (y ≤ 1) ∧ (y ≤ 4)
Thus, we have infinite models m(y) = {1, 0,−1, ...}. Take, e.g., greatest:
y = [y = 1], which holds the (y ≤ x) constraint of the specification. Thus,
in this step, c6 is not violating the specification; however, note that c6 is
not like c4 in the sense that it cannot always be chosen to not violate the
specification (see step 5).
Also, note that the constraint (y ≤ 1) created by the Boolean abstraction
algorithm is harder than the only constraint (y ≤ x) of the specification;
thus, this suggests that the current algorithm of Boolean abstraction is too
exigent in the sense that it considers more cases than necessary.

Step 2: Environment repeats the strategy. Environment plays the same
and (see Fig 2) responds with y = [y = 2], so the system has to choose c4 to
imitate it.

Step 3: Environment changes its mind. Let x = 1, which holds (x < 2)
and forces constraint (y > 1), whereas no constraint is further for the current
timestep. We are in partition e0, which implies choices {c1, c2}. The system can
choose c1 to imitate the y = [y = 2] of Fig 2 (which is the positional strategy).
Note that this step has restriction ⊤ (i.e., no one), because it has forced a
constraint only for the next timestep. Further details are as follows:

1. ∃y. c1(y, x), with fixed xT = [x = 1].
– B : s0 ∧ s1 ∧ ¬s2
– T : (x < 2) ∧ (y > 1) ∧ (y > x)

(1 < 2)✓ ∧ (y > 1) ∧ (y > 1)
Thus, we have infinite models m(y) = {2, 3, 4, ...}. Take least, i.e., y = [y =
2], which holds the ⊤ constraint of the specification. Thus, in this step,
c1 is winning. Note that, particularly c1, can always be chosen to hold the
specification. Also, note that both (y > 1) and (y > x) are restrictions harder
than ⊤.

2. ∃y. c2(y, x).
– B : s0 ∧ ¬s1 ∧ s2
– T : (x < 2) ∧ (y ≤ 1) ∧ (y ≤ x)

(1 < 2)✓ ∧ (y ≤ 1) ∧ (y ≤ 1)
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8 Rodŕıguez and Sánchez.

Thus, we have infinite models m(y) = {1, 0,−1, ...}. Take greatest, i.e., y =
[y = 3], which holds the ⊤ constraint of the specification. Thus, in this step,
c2 is winning; however, note that choosing c2 (unlike c1) does not always
guarantee to hold the specification (see step 4). Again, note that both (y ≤ 1)
and (y ≤ x) are restrictions harder than ⊤.

Step 4: Environment prepares its trap. Let x = 0, which holds (x < 2) and
forces constraint (y > 1), and take into account that the system has constraint
(y > 1) forced by the previous timestep. We are in partition e0, which implies,
again, choices {c1, c2}. Further details are as follows:

1. ∃y. c1(y, x), with fixed xT = [x = 0].
– B : s0 ∧ s1 ∧ ¬s2
– T : (x < 2) ∧ (y > 1) ∧ (y > x)

(0 < 2)✓ ∧ (y > 1) ∧ (y > 0)
Thus, we have infinite models m(y) = {2, 3, ...}. Take least, i.e., y = [y = 2],
which holds the ⊤ constraint of the specification.

2. ∃y. c2(y, x).
– B : s0 ∧ ¬s1 ∧ s2
– T : (x < 2) ∧ (y ≤ 1) ∧ (y ≤ x)

(1 < 2)✓ ∧ (y ≤ 1) ∧ (y ≤ 0)
Thus, we have infinite models m(y) = {0,−1,−2...}. However, no one of
these holds the constraint (y > 1) that was forced from previous timestep;
thus, the system will never choose c2 in this play.

Step 5: Environment strikes back! Let x = 2, which holds (x ≥ 2) and
forces constraint (y ≤ x). Also, note that the system has constraint (y > 1) from
previous timestep. We are in partition e1, which implies choices {c4, c5, c6}. The
system can (only) choose c4 to imitate the y = [y = 1] of Fig 2. Further details
are as follows:

1. ∃y. c4(y, x), with fixed xT = [x = 4].
– B : ¬s0 ∧ s1 ∧ s2
– T : (2 ≥ 2) ∧ (y > 1) ∧ (y ≤ 2)

(4 ≥ 2)✓ ∧ (y > 1) ∧ (y ≤ 4)
Thus, we have a finite model m(y) = {2}. Take, y = [y = 2], which holds
the (y ≤ x) constraint of the specification and also the previously forced
constraint (y > 1). Thus, c4 is not violating the specification.

2. We skip c
(P )
5 , since it will not be chosen, as remarked in step 1.

3. ∃y. c6(y, x).
– B : ¬s0 ∧ ¬s1 ∧ s2
– T : (x ≥ 2) ∧ (y ≤ 1) ∧ (y ≤ x)

(2 ≥ 2)✓ ∧ (y ≤ 1) ∧ (y ≤ 2)
Thus, we have infinite models m(y) = {1, 0,−1, ...}. Take greatest: y = [y =
1], which holds the (y ≤ x) constraint of the specification. However, this
model does not also hold the previously forced predicate (y > 1); thus, c6 is
violating the specification in this step, and the system will not choose it.

Fig. 3 summarizes all the steps above.
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Fig. 3. We can see the TZ play above and the equi-satisfied TB play below. The P-
labelled arrow between (x ≥ 2) and d1 means that e1 or e2 is the decision of the
environment (i.e., the partition e1 ∪ e2); which represents all x such that (x ≥ 2) holds
(resp. (x < 2) with d0). The R-labelled arrow between (y ≤ x) and c6 means ∃y. c6,
where c6 ≡ (¬s0 ∧ ¬s1 ∧ s2); and, resp. (y ≤ x) with ∃y. c4, ⊤ with ∃y. c1, (y > 1)
with ∃y. c1 and ((y > 1)∧ (y ≤ x)) with ∃y. c6. Note that, e.g., c4 in the step 0 and c2
in the step 2 were also possible choices of the system that the Boolean controller has
decided not to play.
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3 Conclusions

3.1 Why LTLT and why Boolean abstraction?

The main difference of LTLT with respect to other similar logics is that we do
not allow predicates to compare variables at different timesteps, but we know
decidability of Boolean abstraction for all theories with an ∃∗∀∗-decidable frag-
ment. For instance, [5] approaches LTL modulo theories, but for finite traces
and where they allow temporal operators within predicates (making the logic
undecidable).

As for Boolean abstraction, its main difference with respect to other similar
approaches (e.g., [6,7,8]) is that Boolean abstraction generates a (Boolean) LTL
specification so that existing tools can be used with any of their internal tech-
niques and algorithms (bounded synthesis, for example) and will automatically
benefit from further optimizations. Moreover, it preserves fragments like safety
and GR(1) so specialized solvers can be used. On the contrary, all approaches
above adapt one specific technique and implement it in a monolithic way. Note
that the on-the-fly approach benefits from all advantages of using Boolean ab-
straction and is fully automatic (unlike [8]).

Note that, [9] uses terminology on the fly synthesis, but our work has several
differences: (1) [9] is designed for LTL for finite traces, whereas our approach
is for the whole LTL; (2) and [9] works for Booleans, whereas our approach
works for theories. Moreover, (3) [9] addresses a very different problem: how to
construct a controller on-the-fly for finite-trace LTL.

3.2 Conclusion

We acknowledge the problem of LTLT synthesis is different from LTLT realiz-
ability modulo theories, since synthesis implies computing a system that receives
valuations in T and provides valuations in T . We propose an on-the-fly approach
that uses a Boolean controller synthetised from the Booleanized specification of
LTLT and shipped with a procedure that provides models of existential formulae
of T . The problem yields some challenges that are still to be solved, but this
first approach seems promising.

Discussions When comparing the on-the-fly approach with a hypothetical pure
synthesis method, it is easy to see that pure synthesis should be a faster method,
since it is a set of synthetised functions and, thus, does not depend on the
time that a procedure needs to provide models; whereas the on-the-fly method
depends on how fast it finds models (and, if an SMT solver is used, this does
not guarantee termination if theory is semi-decidable). However, this is also
an advantage for the on-the-fly method, since it allows to mimic synthesis for
theories that have semi-decision procedures that may provide models (e.g., by
enumeration of candidate models), such as nonlinear integer arithmetic. Also,
the on-the-fly approach allows using additional constraints in the architecture:
i.e., we can change, on the fly, the queries that the provider must solve. For
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instance, given cTi , the provider will not solve cTi , but the smallest model (if
there is such) of cTi ; e.g., c4 in step 1 of the running example. Pure synthesis
would also allow some parameterized form of this idea, but not in such an open
and runtime manner.

It still remains unclear how the pure synthesis will be constructed, and also
whether it will include parts that are semantically equivalent to some parts
used in this approach (e..g, a procedure similar to the partitioner). Moreover,
we believe there may be some ∃∗∀∗-decidable theories for which the realizability
problem is decidable, but not the synthesis one, since it is not possible to compute
the model provider (consider some fragments of reals).

As for future work, implementing a prototype of the on-the-fly approach is
ongoing work, as well as delving into all discussions raised above. We also envision
some applications of this approach to runtime verification (e.g., performing syn-
thesis of runtime-monitoring specifications whose expressivity fits into LTLT ).
Obtaining reliable model providers is an upcoming challenge. Pure synthesis is
also work in progress, but needs specific algorithms for each theory. The goal is
to implement both the on-the-fly and pure synthesis approaches and compare
them empirically.
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