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Abstract. We study the realizability problem for Safety LTL, the syn-
tactic fragment of Linear Temporal Logic capturing safe formulas. It
is known that realizability for formulas in this fragment is EXP-hard,
and the best known upper bound is 2EXP. In this work, we approach
the exact classification of the complexity of realizability for Safety LTL
by studying seemingly weaker subfragments. In particular, we study the
fragment consisting of formulas of the form a A[J, where « is a present
formula over system variables and ¥ contains Next as the only temporal
operator. We prove that the realizability problem for this new fragment,
which we call GXo, is also EXP-complete, and observe that this frag-
ment is equirealizable to existing more expressive fragments, such as the
LTLegr system of Cimatti et al. [§]. We show how trying to prove equire-
alizability between the full Safety LTL and the existing EXP-complete
fragments fails. We highlight the practical relevance of fast algorithms for
Safety LTL and point at the open problem of providing a tighter bound on
the exact computational complexity of realizability for the full Safety LTL
fragment.
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1 Introduction

The realizability and synthesis problem for logical specifications is a very well-
researched topic in computational logic. Originally introduced by Church [7]
and later applied to the context of Linear Temporal Logic (LTL) specifications,

* A previous version of this work appeared in an arXiv preprint [4], were we claimed
that Safety LTL is EXP-complete. Unfortunately, the proof is incorrect and the sub-
mission was withdrawn. The current exposition presents the results that remain
correct, and presents recent attempts by others at this problem. To the best of our
knowledge, however, the problem remains open.

** Funding for this work has been provided by the European Union (ERDF funds) under
the grant PID2020-112581GB-C22 and by the University of the Basque Country
under the LoRea GIU21-044 Project.
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it considers a logical formula where some variables belong to the system and
some to the environment, and asks the system to produce a winning strategy
so that no matter what the environment does, the system is able to satisfy the
formula.

The problem is of central importance in the correctness verification of reac-
tive systems and has hence received a great deal of attention. Unfortunately, the
2EXP-completeness of realizability for LTL specifications [I7] renders infeasible
in practice to work with the full expressive power of Linear Temporal Logic. In-
stead, researchers have focused their efforts on developing algorithms for certain
subfragments capable of expressing useful specifications while achieving provably
lower complexity bounds.

Starting in 2004, Alur and La Torre gave in [I] a survey of the complexities
of realizability for some subfragments of LTL obtained by simply adding and
removing temporal operators. In an attempt to work with a more structured
fragment, Piterman et al. introduced in 2006 the Generalized Reactivity(1) for-
mulas, GR(1) for short. As shown in their seminal paper [16], realizability for
GR(1) can be solved in time exponential in the size of the specification. Besides,
Ehlers later proved that realizability for this fragment is actually complete for
EXP under polynomial-time reductions [I3].

In an attempt to go even lower in the complexity map, Cheng et al. designed
in 2016 the GXW fragment [6]. In GXW specifications we are allowed to use
the Globally, Next and Weak-Until operators, hence capturing a wide variety
of practical scenarios, but only in formulas adhering to very specific patterns.
This trade-off between the available operators and tight structure in formulas
led to an elaborate algorithm that brought the complexity of realizability for
GXW formulas down to PSPACE (without completeness known to date).

More recently, the interest focused on fragments capable of expressing safety
properties. In this area, the most interesting one is Safety LTL, the Until-free
fragment of LTL in Negation Normal Form [20]. Safety LTL has been proven to
capture the semantic notion of safety (“nothing bad ever happens”) expressible
in LTL [9], turning it into a central fragment of temporal logic for realizability
purposes. For these formulas, Zhu et al. gave in [20] an algorithm that while
running in double exponential time, attained decent running times in practice.
However, they paid no attention to structural complexity considerations.

In an attempt to improve the double exponential complexity of the existing
algorithms for Safety LTL, Cimatti et al. introduced in [§] the Extended Bounded
Response fragment, LTLgggr, a syntactic subfragment of Safety LTL, as well as
LTLggr + P, consisting of LTLggr extended with past operators. They provided
an exponential-time algorithm for the realizability problem on these formulas
and showcased efficient empirical results. Furthermore, they showed in [I0] that
realizability for LTLggr and LTLgggr + P is EXP-complete.

While LTLggg is a syntactic fragment of Safety LTL, it is not expressive enough
to capture all of Safety LTL. This was shown in [9], where they proved that LT Lggg
is strictly less expressive than LTLggg + P, which is in turn as expressive as
Safety LTL. Despite the expressive equivalence between Safety LTL and LTLggg +
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P, it does not follow that realizability for Safety LTL is EXP-complete. This
is because, in principle, formulas in LTLggr + P could be exponentially more
succinct than the Safety LTL ones, due to the past modalities.

When comparing fragments, the existing research focuses solely on providing
logically equivalent formulas between fragments, over the same sets of atoms.
In practice, however, the requirement of keeping strict logical equivalence can
be dropped in favour of equirealizable fragments. We believe that the compar-
ison between fragments should be carried out mainly in terms of complexity
considerations and not in terms of expressibility. After all, as long as a formula
in one fragment can be efficiently translated into an equirealizable formula in
another fragment, possibly by introducing auxiliary atoms, the solution will be
satisfactory.

In this paper, we approach the realizability of Safety LTL from a purely
complexity-theoretic perspective. We try to provide reductions between frag-
ments, which leave behind logical equivalence in favor of equirealizability. In
this way, our main result it to show that a very restricted fragment of LTLggg,
which we call GXp, is EXP-complete. The fragment GXg, consists of formulas
of the form « A %, where « is a present formula (i.e., without temporal oper-
ators) over system variables and v is a formula where Next is the only possible
temporal operator.

It is straightforward to see that, since Safety LTL is an extension of GXq, real-
izability for Safety LTL is EXP-hard. However, it remains unknown whether a re-
duction in the other direction is possible (i.e., whether realizability for Safety LTL
is in EXP and the fragment is equirealizable to GXg). Note that the best known
upper bound is 2EXP, following the double exponential-time algorithm for the
full LTL. Given that Safety LTL is a robust fragment that captures precisely the
natural semantic notion of safe formulas, we conjecture the problem should be
complete for some natural complexity class between EXP and 2EXP. While it
has been conjectured in the past that the problem could be 2EXP-complete,
this would imply that the full LTL and Safety LTL are equirealizable fragments.
Since Safety LTL does not contain “existential” operators like Until, it is unclear
such a reduction could exist, even with the aid of extension variables. On the
other hand, a reduction from GXg to Safety LTL is not obvious, since Safety LTL
contains operators like Release, while our fragment is a lot more restricted. Cru-
cially, our formulas are always of a fixed simple form, which makes it easier to
develop algorithms for (in contrast with existing fragments like GR(1), LTLggr
or GXW).

We believe extending the study of equirealizable fragments like the ones cov-
ered here is a promising approach towards the complete complexity classification
of Safety LTL.

Structure of the paper. The structure of the paper is as follows. Section [2] recalls
definitions from temporal logic as well as the grammar of Safety LTL, and intro-
duces the three new fragments we study: X, GX and GXg, the latter being the
most important one. In Section [3] we study the complexity of realizability for
these fragments, showing PSPACE-completeness for formulas in X and EXP-
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completeness for formulas in GX and GXg. The latter is achieved via a reduction
to the acceptance problem for polynomial-space alternating Turing machines,
while for GX we provide a polynomial-time reduction from GXg. This reduction
exploits our central technical lemma (Lemma 1)), stating that one can remove the
initial condition in GXg formulas to obtain an equirealizable GX specification.
In Section [4] we show what goes wrong when trying to reduce realizability for
Safety LTL to GXp, and point at the need for a better equirealizable fragment
to capture Safety LTL. Furthermore, the section compares GXq to the fragment
LTLggr of Cimatti et al. from [RI9/T0] and their expressibility results. Section
concludes with an overview of an alternative attack on the problem by the work
of Artale et al. in a recent preprint [3], who claimed 2EXP-completeness for
this problem; unfortunately, in its current form, their proof is incorrect.

2 Preliminaries

We denote by LTL the set of well-formed formulas of Linear Temporal Logic,
given by the grammar

pu=Llpl-elone|Opl| Uy
where p € P, some set of Boolean variables. A fragment of LTL is a subset of
LTL.

The satisfaction relation for LTL formulas is defined over infinite binary
words. Let B = {0,1}. Given a formula, a trace or model o € (BF)* and a
point ¢ € N, we have
o =L
oiED if and only if o;(p) =1
o; E ¢ if and only if o; £ ¢
oi =@ Ay if and only if o5 = ¢ and o5 =9
0 = Op ifandonlyif o411 E ¢
o; = U if and only if there is j > i such that o; | ¢ and for all ¢t < k < j, o6 E ¢

We write o |= ¢ for o = .

The syntax and semantics of LTL can be extended to include past opera-
tors. For our purposes, it suffices to consider the Yesterday (©) and Since (S)
operators:

0 =0 iffi>0and ;1 =
oi |= @S iff there is a j < i such that o; =1 and for all j < k <14, o = .

In this paper we do not handle formulas containing the Until (i) operator,
though we do work with the related operators Fventually (O := TUp), Glob-
ally (Ao = =), Weak-Until (p1Wea = Q1 V (¢1ldps)), and Release
(p2Rp1 = =(—pald—p1)). The Release operator is a “universal” variant of the
Until operator, meaning that the releasing point need not happen, but for ev-
ery point (either until the release point or forever), the precondition must be
satisfied.
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For conciseness, we write O’y for ¢ if i = 0 and OOty if i > 0. A
formula O for some literal ¢ is a temporal atom. For a,b € N, a < b, Ola,b)®
stands for /\?:a O, and analogously with disjunction for Ola,b) - These are all
metalinguistic abbreviations, and the problems considered always get as input
an unfolded formula without bounded operators.

Finally, given a temporal formula ¢ with Next (O) as the only temporal oper-
ator, we define its temporal depth as the the largest number of nested occurrences
of Next.

For a language £ C (B”)“, we denote its complement by £, defined as
L := (B?)«\ L.Following [14], given a finite set of atoms P, a language £ C (B”)v
is called safe if every o € L has a bad prefir: there is a finite word p € (B”)*
such that for all 7 € (B”)“ giving 0 = p-7, p-7 € L. For a formula ¢, we denote
by L(p) the set of models of ¢. A formula ¢ is safe if L(p) is safe.

In [20], Zhu et al. studied Safety LTL, a syntactic fragment of LTL intended
to capture the safe formulas.

Definition 1 (Safety LTL). We denote by Safety LTL the syntactic fragment of
LTL determined by the grammar

pu=plpleneleVe|Op|eRe

which corresponds to the Until-free fragment of LTL in Negation Normal Form
(NNF).

For some fragment Frag C LTL of well-formed formulas, we define [Frag] :=
{L(¢) | ¢ € Frag}. Indeed, [Safety LTL] = [{¢ € LTL | ¢ is safe}] (see, for
example, [I8]).

We are interested in the problem of realizability for LTL specifications.

Definition 2 (Realizability). Let ¢ be an LTL formula over variables from
EUS. The variables in £ are called environment or input variables, while the
ones in S are system or output variables. We say that ¢ is realizable if there
s a function s : (IB%E)* — BS, called o winning strategy, such that for every
infinite sequence of environment assignments Fqg, Fq, Eo,--- € (IB%E)W, we have
EO @] S(Eo), E1 U S(Eo, El), E2 U S(Eo,El, EQ), ‘e ': @Y.

Whenever a formula ¢ is realizable, the task of computing the winning strat-
egy is called synthesis. For the particular case when ¢ contains no environment
variables, the problem is PSPACE-complete [17], but is otherwise more general.

Ezample 1. Consider the formula ¢ = ¢ A O(p < Og), assuming p to belong
to the environment and ¢ to the system. The formula is realizable: the winning
strategy sets ¢ to true at the initial state, and then checks the value of p the
moment before to set ¢ accordingly.

Ezample 2. Take the following formula, slightly different from ¢ in the example
above: ¥ = ¢ AO(Op <> q), where p is still an input atom and ¢ an output atom.
This formula is not realizable. Suppose it was. Then, the strategy needs to make
q true at the initial state; the environment then plays p — 0 at the following
step to force the system to a contradiction.
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When translating between fragments with different expressive power, we can-
not produce equivalent formulas. For our purposes, a simple notion of equireal-
izability suffices.

Definition 3 (Equirealizability). We say that two formulas ¢ and i are
equirealizable and write ¢ = 1 if it holds that ¢ is realizable if and only if
¥ is realizable. For two fragments Frag,,Frag, C LTL, we write Frag; = Frag,
to indicate that they are equirealizable fragments: for every ¢ € Frag,, there is
an equirealizable 1 € Frag,y, and vice versa.

This is in contrast with the usual notion of logical equivalence used in the
literature.

Definition 4 (Expressive equivalence). We say that two formulas ¢ and 1
are logically equivalent if L(p) = L(v). Two fragments Frag,, Fragy C LTL are
expressively equivalent if for every ¢ € Frag, there exists a logically equivalent
formula 1) € Fragy and vice versa, and we write [Frag,] = [Frags].

Remark 1. Note that if two formulas ¢ and v are logically equivalent, then it is
implicit that they are defined over the same set of atoms. This need not happen
between equirealizable formulas, where one of them can be defined over a larger
set of atoms. In general, equivalent formulas are also equirealizable, but the
converse does not hold.

Starting from Safety LTL, we introduce three new subfragments of it.

Definition 5 (X,GX and GXg). We denote by X the syntactic fragment of LTL
consisting of formulas where the only temporal operator is Next (O ).

We denote by GX the syntactic fragment of LTL consisting of formulas of the
form O, where ¢ € X.

Finally, we denote by GXg the syntactic fragment consisting of formulas of
the form a AOY, where ¢ € X and « is a present formula over system variables.

We denote by X-REAL, GX-REAL and GXy-REAL the problems of deciding
whether a given specification in respectively X, GX and GX is realizable.

3 Complexity of realizability for X, GX and GXg

We start by discussing the complexity of the realizability problem for specifica-
tions in X, GX and GXg. We show that these three fragments are robust enough
to exhibit completeness for either PSPACE or EXP.

3.1 Complexity for X

The problem X-REAL is the set of all realizable specifications 1) € X. Formulas
in X can only talk about a finite initial segment of time, but the embedded

alternation between system and environment is strong enough to capture all the
problems in PSPACE.
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Theorem 1. X-REAL is PSPACE-complete.

Proof. Note the close resemblance between a temporal formula 1 with Next-only
and a quantified Boolean formula (QBF). That X-REAL € PSPACE follows
from the observation that one can push negation and Next to the literals of
1 and then consider each temporal atom to be a literal in the matrix of a
quantified Boolean formula, where we make explicit on the quantifier prefix that
system variables are existential and environment variables are universal. That
is, if ¢ € X uses variables from & = {z1,...,2,} and S = {y1,...ym} and has
temporal depth d, then one can obtain a QBF

Vey...Zp3yr - - Ym - YOy . .. OdmnEiOdyl . Odym 0

whose satisfiability can be checked in polynomial space.

To show hardness, it suﬂices to see that a quantified Boolean formula
P = Q o(z1,...,xy,), where Q is a quantifier prefix and ¢ is a propositional
formula, can be immedlately converted into a formula 1 € X. For every variable
x; in ¢, if x; appears existentially quantified at level k, add it as a system vari-
able and replace every occurrence of z; with Ox;; analogously, if z; appears
universally quantified at level k, add it as an environment variable and replace
every occurrence of x; with OFx;. Then, @ is satisfiable if and only if 1 is real-
izable. O

Both reductions in the previous proof are rather immediate: the bounded
temporal depth of a specification in X is just a syntactic rewriting of a QBF.
It might seem like X-REAL is quite restricted and one cannot model interesting
scenarios in this fragment. Surprisingly, in [6], Cheng et al. introduced GXW, a
fragment of LTL for which realizability is in PSPACE. In GXW, formulas may
contain the Globally (), Next (O) and Weak-Until (W) operators, but adhering
to very strict formula patterns. The restricted structure of the problem leads to
its lower complexity, while it still captures a wide range of practical industrial
applications.

Arguably, a specification in X is conceptually simpler than a GXW one, and
the fact that X-REAL is PSPACE-complete implies that that there is a re-
duction from the realizability problem of GXW to X-REAL. Such a reduction is
precisely a mapping between the fragments that preserves realizability. Hence,
instead of following complicated algorithms like the one originally presented in
the context of GXW, one could just translate the specification into X and then
call a QBF solver. Unfortunately, we have been unable to provide a direct trans-
lation into X. The restricted nature of GXW also leads us to conjecture that its
realizability problem is not complete for PSPACE.

3.2 Complexity for GXy and GX

The specifications in X we just covered are quite limited in that one can only talk
about a finite initial segment of time. In practice, one often wants to specify some
correctness property of a system, and then enforce that this correctness property
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always holds. Moreover, one would like the system to react to the environment
according to the specification, so that decisions made by the environment could
affect the system’s decisions in the next states.

This intuition naturally leads us to considering the fragment GXg, consisting
of specifications of the form a A O, with ¢ € X and « a present formula over
system variables. This fragment imposes an initial condition « for the system
and then enforces a given specification ¢ with Next-only to be satisfied at all
points in time, which coincides with the intuition presented above. While the
general problem of deciding whether an LTL specification is realizable is 2EXP-
complete, the problem for GXg is provably easier.

Proposition 1. GXy-REAL is in EXP.

Proof. We use the fact that EXP = APSPACE [15], the class of problems
computable by an alternating Turing machine in polynomial space, and instead
show membership in APSPACE. Recall that an alternating Turing machine
(ATM) is a non-deterministic Turing machine where each state is labeled either
“existential” or “universal”. In order for a run to be accepting, when being in
an existential state, there must exist a transition that eventually leads to an
accepting state, while on universal states, all transitions must eventually lead to
accepting states.

To show membership of GXp-REAL in APSPACE, see that checking
whether a given safety specification a A[JY € GXg with n := |S|+|€| variables is
unrealizable can be computed by an alternating Turing machine in polynomial
space. First, compute the temporal depth d of ¥, which is just the largest number
of nested occurrences of Next and is hence linear in the size of the formula. Us-
ing the universal steps, the environment will choose an assignment to the input
variables. Then, using the existential steps, the system chooses an assignment so
that a and ¥ are both satisfied, based on the environment’s choice. Then, on the
universal steps, an assignment is made for the environment variables; using the
existential steps, an assignment is made to the system variables again, and so
on. The idea is to keep the machine running while the model being constructed
satisfies the formula. As soon as the formula is unsatisfiable given the choices
made, the machine accepts. In order for the model built between system and
environment to respect the specification at future points in time, the machine
keeps on its tape the last d variable assignments. This takes space O(n - d).
Hence, the machine uses polynomial space and accepts if and only if a A Oy
is unrealizable. We have that GXo-REAL € APSPACE, but since the class is
closed under complementation, GX¢-REAL € APSPACE. ad

The previous membership result was already known, since GXg C LTLgggr
and the algorithm for LTLggg realizability presented in [I0] runs in exponential
time. Like most such arguments in the literature, complexity is derived from a
careful analysis of a rather convoluted algorithm, while one rarely finds proofs
using abstract models of computation, like the one above.

In the same work, Cimatti et al. further showed that realizability for LTLgggr
is EXP-complete, but since GXo C LTLgggr, that result does not entail com-

=
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pleteness for GXy. To the best of our knowledge, the following hardness result is
new.

Proposition 2. GXy-REAL is EXP-hard.

Proof. We use again the fact that EXP = APSPACE. To show hardness,
consider the standard acceptance problem

{(A,1%) | ATM A accepts the empty word in space s},

which is complete for APSPACE, and show a reduction from it to GXy-REAL.

For the purpose of this proof, we consider a simplified definition of alternating
Turing machines, where they contain just two transition functions, § and 4’. This
simplified definition is the one used, for example, by Arora and Barak in [2]. In
the existential states, at least one of the two transitions must eventually lead
to an accepting state for the machine to accept, while on universal states both
transitions must eventually lead to accepting states. Hence, let A = (Q, 0,9, qo)
be an ATM, where §,0' : Q@ x B — @ x B x {1,—1} and we assume @ to be
partitioned into Q3 U Qv, so that states are either universal or existential, with
initial state gy € @, accepting state gaccept and rejecting state qreject. We assume
the machine to have a single tape, working in binary, extending infinitely to the
right, where positions are numbered starting at 1. Because we only allow s cells
of space, we can consider any move above position s to be illegal.

Note that if A does not accept the empty word in space s, that is because
either it rejects the empty word in space s; it never halts, but never exceeds
space s; or it uses more than s cells of memory. We will write a specification
a A vy that becomes trivially unrealizable for the system as soon the machine
accepts without exceeding the space bound, and stays realizable in any of the
previous three cases.

Let us specify the variables of the formulas « and . The system will own:

— for every i € {1,...,s+ 1} and every ¢ € @, a variable p; , expressing that
the machine is at state g reading position 7 of the tape;

— forevery i € {1,..., s}, avariable ¢; expressing whether the i-th cell contains
alOoral;

— a variable s to determine whether transition function § or ¢’ was chosen by
the system.

The environment will own a single variable ¢, intended to determine whether
transition function § or ¢’ was chosen at a universal state.

First, consider a Boolean formula «, expressing that at the beginning, the
machine starts at position 1 and state gp and that the tape is all zeroes. Then,
we can write a temporal formula v where Next is the only temporal operator
expressing the following constraints:

(8) The machine must be in one and only one state, reading one and only one
cell at a time.

() If the current state is illegal (i.e., either the rejecting state or above the space
limits), then keep the state of the machine unchanged for the next state.
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(T) At existential states, the system must choose a transition function (4 or ¢")
and the state of the machine must be updated accordingly for the next state,
and analogously for universal states.

(F) The accepting state is never visited.

Let ¥ :=SAZAT AF. This completes the specification a A [J9). If at some
point the machine accepts, then the specification immediately becomes false,
because F is falsified. On the other hand, if the machine exceeds space bounds
or rejects, then the specification is trivially realizable for the system, because it
can stay in the same state forever.

We have that A accepts the empty word in space s if and only if a AJY is un-
realizable. This is a reduction from the acceptance problem to GXo-REAL. Since
the class is closed under complementation, we also have hardness for GXy-REAL.

O

The previous two propositions prove the completeness result, as desired.
Corollary 1. GXy-REAL is EXP-complete.

Interestingly, a small modification to GXp formulas yields an even stronger
result: we can get rid of the initial condition o and keep the same complexity.
This corresponds to the problem GX-REAL, deciding whether a formula (Jv €
GX is realizable. The complexity turns out to be the same, using the following
lemma.

Lemma 1. For every a A Oy € GXo, there is an equirealizable Ox € GX that
can be efficiently obtained from o A Y.

Proof. Let r be a new environment variable that does not occur in . The idea
is that r can “reset” the game. That is, if the environment sets r to true, then
the system must start over by satisfying «, while as long as r is set to false, the
game keeps running. An initial attempt to translate a A (J% is to consider the
formula

O = (@A) A—r — )

which captures the intuition, but fails to work. For example, the GXq formula p A
O(p > O—p) is realizable if p is a system variable, but the proposed translation
yields

O@ = (@AP@<< O-p)A-r—(p Op))

which is unrealizable (it suffices for the environment to reset twice in a row).
To fairly give the system a chance to recover from the reset, we need to wait
some time, so that the current truth-assignment has really no effect. Suppose ¥
has depth d. Then, we should wait at least d steps in time before we ask the
system to make a A v true again. With this in mind, we claim that the formula

O ((=r = %) A (Q,qr A O —r = 04 a))

is equirealizable to o A (0.
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Intuitively, the formula states that if the environment wishes to reset the
game, it must set r — 1 for d steps in a row, followed by r + 0. While that
happens, the system is exempted from satisfying anything.

We now argue that equirealizability holds. For the forward direction, suppose
that a A (09 is realizable by strategy s : (Bf)* — B®. Then, we want to define
a strategy ' : (BEYU})” — BS that extends s to the new setting. Intuitively,
if the environment never rests the game, then s’ should simply follow s; if the
environment resets (by setting r — 1 for d steps in a row, followed by r — 0),
then the system should play with s, pretending that the last move of the system
is the initial one. That is, for every finite sequence Fy,...,FE, € (IB%EU{’"})*,
define s as

S/(Eo, ey En) = S(Ek rg, . ,En fg),

where k is the largest ¢ < n such that E;_4_1(r) = --- = E;—1(r) = 1 and
E;(r) = 0, or 0 if such a k does not exist. That is, k is the last time a full
resetting sequence was completed.

Observe that the strategy s’ is winning for the system over the new formula.
We distinguish three possible scenarios:

a) If the environment never restarts the game (i.e., always plays r — 0), then
the system has to realize (. In this case, the strategy s’ is just s, so by
realizing a A %, the system is also realizing (.

b) If the environment plays r — 1 at some point, but not for d steps in a
row, then the strategy s’ will keep playing as if nothing happened. At the
moments where r — 1, the entire new formula will be vacuously true for the
system, so it cannot lose, and the strategy will keep playing just as if it was
expected to satisfy 1.

¢) Finally, if at some point the environment plays r — 1 for d or more steps,
followed by r +— 0, then s’ resets the strategy, as if this was the beginning of
the game. Note that the sudden shift in the truth-assignment for the system
cannot possibly affect the game. This is because for the last d or more steps,
the new formula became vacuously true for the system.

Hence, if o A v is realizable by strategy s, so is the new formula by strat-
egy s'.

For the backwards direction, if the new formula is realizable by strategy ¢,
then we can extract a winning strategy t’ for the original formula by checking
what ¢ does when resetting the game just once, at the beginning. More formally,
let R:={v~1]veU{r}} e BN be a default “resetting assignment”.
Then, the strategy ' : (B®)* — B defined as

(Eoy .o ) = t(R, ., Ry Eo U {r 5 0),..., En U {r s 0})
——
d times

is winning for the system over a A [Jv. Therefore, both formulas are equirealiz-
able. O

Theorem 2. GX-REAL is EXP-complete.
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Proof. Membership in EXP follows from the fact that GX is a syntactic fragment
of GXo, so the procedure in Proposition [I] also decides realizability for GX. For
hardness, GXo-REAL reduces to GX-REAL following Lemmal[I|above: every GXgo
formula can be efficiently translated into an equirealizable GX formula. a

It seems to us that GXg is a particularly interesting fragment for realizability.
On the one hand, it is provably easier that full LTL. On the other, its specifica-
tions are all safety properties of a very natural flavor: we specify what the system
should do at the beginning and then enforce that it always reacts appropriately.
This general pattern is expressive enough to capture most industrial cases, in a
way similar to GR(1) formulas (a fragment whose realizability problem is also
EXP-complete [13]). The advantage, however, is that GXg specifications are con-
ceptually simpler than GR(1) ones, and they can be simplified even further, by
removing the initial condition and getting a GX specification.

4 Realizability for Safety LTL: An Open Question

The central fragment of LTL when it comes to realizability is Safety LTL (see
Definition . This corresponds to the Until-free fragment of LTL in NNF. Since
Safety LTL can express all the safety properties expressible in LTL (see, for ex-
ample, [18]), being able to solve instances of realizability in this language is of
central importance.

Note that Safety LTL does not contain “existential” temporal operators like
Until (meaning that we can force something to happen in the future), and it is
thus strictly less expressive that the full LTL. When it comes to the computa-
tional complexity, however, little is known about the difference between LTL and
Safety LTL. The realizability problem for Safety LTL is clearly EXP-hard, which
follows, for example, from the observation that [J¢ can be written as LR,
meaning that a formula o A 9 of GXg is already a Safety LTL formula, and
hence GXg-REAL, which is EXP-complete (Corollary. However, the best up-
per bound is the trivial one given by the 2EXP algorithm for the full Safety LTL.

Could it be that Safety LTL is also 2EXP-complete? This would imply a
reduction from LTL into Safety LTL preserving realizability. This would be re-
markable, since Safety LTL does not contain existential temporal operators, and
it seems unclear to us how one could encode such an operator using only exis-
tential ones and extension variables.

Then, if Safety LTL has lower complexity when it comes to realizability, could
it be that it is EXP-complete, just like GXo7 Surely, Safety LTL and GXq are not
expressively equivalent in the strict sense. But could it be the case but using a
few auxiliary atoms sufficed to simulate the desired operators. That is, could it
be that GXy = Safety LTL?

Let us illustrate what fails in an attempted reduction. That is, suppose that
given a formula ¢ of Safety LTL, we want to provide an equirealizable GX, for-
mula. We could try to do it by induction on the structure of .
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— If ¢ = p, take a new system variable s and consider the GXq specification
a A Oy defined by « := s and

v:=(s= (pANO=S)) A (ms = Os).
Note how if p is an environment variable, then ¢ = p is trivially unrealizable,

and so is the translated version. If p is a system variable, the new version is

also trivially realizable.
The case for ¢ = —p is analogous, and since Safety LTL formulas are in
Negation Normal Form, this takes care of all occurrences of negation.

— If ¢ = 1 Apa, then by induction hypothesis p; = a3 AOY; € GXp and o =
as AOYs € GXo, and we could put them together: (a; Aag) AL (Y1 Ah2) = ¢,
up to renaming of auxiliary variables.

— Unfortunately, for disjunction things go wrong: if ¢ = @1 V 2, then by
induction hypothesis p1 = a1 AQJY; € GXp and o = as Ay € GXg, and
we could put them together with an auxiliary system variable c,

a:=(c—=a)AN(nc—a2) P:=(c— (Y1 ANOc)) A (=c— (Y2 AO—0))
where ¢ acts as a “choice” variable. Unfortunately, the equirealizability of
the induction hypothesis does not give us a way to design a winning strategy
for the system that can decide in advance which side of the disjunction is
going to be satisfied, so it cannot choose the correct value for c.

With the exception of the Next operator, the other two temporal operators
also present problems in the translation. Hence, it seems reasonable to conjecture
that no such reduction exists and the complexity of Safety LTL is higher than
EXP.

4.1 Comparison with existing expressibility results

While we do not know if Safety LTL is equirealizable with GXg, we now know
that GXg is equirealizable to the seemingly much richer fragments LTLggr and
LTLggr + P of Cimatti et al., where the latter is an extension of the former by
adding past operators.

A formula v of LTLggg + P is built according to the following grammar:

mu=p|-w|wVr|On|aST (Past Layer)
Bu=m|-BBVE|OB|ULLE (Bounded Future Layer)
=B 6Ad|Op|0g|RG  (Future Layer)
Y=l YVY Y AY (Boolean Layer)

where the bounded Until operator $1U]q,) B2, with a,b € N, a < b, is a shortcutﬂ

for the formula
b

i—1
\/ O'Ba A /\ OB
i=a §=0
3 Technically, this is LTLggr without constants. If a and b are represented in binary in
the input, this leads to an exponential blow-up that raises complexity from EXP

to 2EXP, so in order to remain EXP-complete, 514, (2 takes a and b in unary,
which is as concise as writing the formula it stands for.
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Then, the fragment LTLggg is obtained from the previous grammar, by removing
the Past Layer.

Observe that, syntactically, GXo C LTLggr C Safety LTL. Note that LTLggg
is almost syntactically equal to Safety LTL, but not fully: in the Future Layer
of LTLggr, Release (R) cannot have universal temporal operators nested in
the left hand-side, while this is allowed in Safety LTL. For example, (Op)Rq €
Safety LTL \ LTLggR.

Semantically, it is also the case that LTLggg is strictly less expressive than
Safety LTL, but adding the Past Layer suffices to bridge that gap. They show
that [LTLggr + P] = [{O7 | # € P}]. That is, the formulas in LTLggg + P
are expressively equivalent to formulas of the form [Jm, where 7 is a pure past
formula. It turns out that the fragment of formulas On captures all the safety
properties expressible in LTL (see [5]), just like Safety LTL. Hence, [LTLggr+P] =
[Safety LTL]. It is important to underline, however, that despite both fragments
having the same expressive power, there is no known explicit translation between
them. In fact, since LTLggr + P contains past modalities, some of its formulas
might be exponentially more succinct than the equivalent Safety LTL ones, so the
translation in that direction might lead to a blow-up in the size of the formulas.

Furthermore, they argue that the past layer of LTLggg + P is really necessary
by showing that [LTLggr] & [Safety LTL]. To prove this, they show that the
formula (O(p vV Oq) € Safety LTL is not expressible in LTLggg.

Interestingly, we can translate their counterexample formula into an equire-
alizable GXg formula. The formula O(p V Og) has two types of models: either
p is always true or p is true for a finite amount of time, after which ¢ is true
forever. We introduce a system variable s indicating that we are in the “simple”
model, the one where p is always true. Then, we consider the GXg specification

a:=s
V:i=(sAp—=>0s)A(sA-p—=>gANO-s)A(=s = gAOs)

which gives us o A 0y = O(p V Ogq). Observe that the equirealizability holds
regardless of whether p and ¢ belong to the system or to the environment. If at
least one of the two variables belongs to the system, then O(pVgq) is realizable,
and so is a AJw. If both p and ¢ belong to the environment, then both specifica-
tions are unrealizable. Hence, even if [GXo] C [Safety LTL], it seems like many of
its formulas can be translated into the simpler GXp introducing auxiliary atoms.
It is unclear whether this can work for all formulas, however.

5 Other recent attempts

In a recent preprint published on November 2022 on arXiv [3], Artale et al.
attacked the problem described here. As a matter of fact, they did more: they
tried to classify the complexities for the satisfiability, validity and realizability
problems for Safety LTL and its dual co-safe fragment, coSafety LTL, as well as
other related subfragments of LTL.
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Their main idea is to translate complexity classifications form the finite-trace
setting to the infinite one. The finite-trace setting refers to adopting finite se-
mantics for LTL, where formulas are evaluated over finite traces, that is, over
sequences from (B”)* rather than from (B”)“, by introducing some minor mod-
ifications in the way formulas are evaluated at the end of a trace.

In 2015, De Giacomo and Vardi [12] proved that realizability for Safety LTL
over finite-trace semantics is still 2EXP-complete. The idea of Artale et al. is to
provide a polynomial-time mapping that translates LTL formulas to coSafety LTL
formulas, such that the original formula was realizable over the finite semantics
if and only if the new one is realizable over infinite interpretations.

Unfortunately, the reduction they propose, in its current form, incurs in an
exponential blow-up due to the repetition of subformulas. The authors have
acknowledged this error in private communication and are working on a fix.
While this approach seems easy to mend for the complexity of satisfiability and
validity of these fragments, the realizability seems a bit more challenging, for
reasons similar to the ones described earlier.
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