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In this paper we propose a new idea for the implementation of symbolic model checking. Our pro-
posal takes advantage of two technologies. First, SMT-solvers as efficient auxiliary tools to perform
a large proportion of the computational task. Second, the context-based tableau that is especially
well suited for providing certificates of proved properties, as well as counterexamples of disproved
properties. We mainly introduce the algorithm to be implemented, along with illustrative examples.

1 Introduction

Temporal logics are formal systems for reasoning about time. Temporal logics have found extensive ap-
plication in computer science, because the behavior of both hardware and software is a function of time.
Model Checking [9, 23] is one of the most popular methods of automated verification of concurrent sys-
tems. Properties to be verified are expressed in some temporal logic. Model Checking is an algorithmic
method for determining whether a system – a hard/software design– satisfies a property expressed as a
temporal logic formula. Moreover, if the property does not hold, the checker returns a counterexample:
a trace/model of the system that does not satisfy the property. This countermodel acts as a ‘certificate’ of
failure and its role is to help the user to identify the source of the problem which could be in the system
design, in the property, and even in the model checker. For years, no certificate was produced if the sys-
tem meets the property. Hence, for positive answers the checker does not provide any hint of the truth of
the property or for helping the user to look for a problem when the property was not expected to be true.
Moreover, sometimes model checking is used to generate counterexamples as the desired output (cf. e.g.
[14] where counterexamples are mobile robots trajectories). In this framework a proof of a property (that
is expected to do not hold) should help to find (and to fix) some mistake in the system specification. As in
the other case, such problem could be in the checker itself. That possibility would be almost dismissed
if the checker has been formally verified. Given the high complexity of the implementation of model
checkers, its verification is a great challenge, though recently some model checkers have been formally
verified [13]. An alternative is to return a proof evidence for every positive answer [21, 20] that could
help the user –maybe using an auxiliar theorem prover– to trust the model checker or not.

There exists many tableaux techniques for a rich variety of temporal logics: Propositional Linear
Temporal Logic (PLTL); Computation Tree Logic (CTL); (CTL∗) which generalizes PLTL and CTL, etc.
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(an excellent survey can be found in [16]). The most difficult task in tableaux methods for temporal log-
ics is to check out the fulfillment of eventualities, i.e. formulas of the form “eventually ϕ". Traditional
tableaux methods require two phases to perform this test. In the first phase, they construct a graph of
states. This graph represents all possible pre-models. In the second phase, for each state s that contains
some “eventually ϕ", a graph-theoretic algorithm should look for a state, reachable from s, that satisfies
ϕ . Moreover, nodes with negative test should be pruned. The two-pass tableaux methods fail to carry out
the classical correspondence between tableaux and sequents that associates a sequent-proof to any closed
tableau. To avoid the second phase and, hence, to keep the ability of generate proofs from tableaux, in
[15], dual systems of tableaux and sequents, for PLTL, were presented. Both are proved to be correct
and complete. The tableau method TTM in [15] is a sound and complete tree-style one-pass tableaux
system that makes use of the so-called context of a eventuality to force its fulfillment. The context of a
formula is simply the set of formulas that accompanies it in the node. Therefore, we say that TTM is a
context-based tableaux method. When TTM checks whether a property ϕ holds or not, it is always able
to issue a certificate: either a countermodel or the complete explanation (formal proof) of why ϕ is true.

Model checking using formulas to represent the system is called Symbolic Model Checking [6, 19].
The term emphasizes that the model of the system is represented symbolically, namely, by a formula.
The earliest symbolic model checker SMV [19] applies Ordered Binary Decision Diagrams OBDDs
[5, 6] as a canonical form for boolean formulas that is very compact because of variable-sharing. Very
efficient algorithms has been developed for manipulating OBDDs. This made possible to verify systems
with an extremely large number of states –some orders of magnitude larger than could be handled by
the explicit-state model checkers (e.g. SPIN [17]). In symbolic model checking two-pass tableaux are
extensively used to construct different kinds of state machines (graphs) for representing systems and
properties (cf.e.g. [10]). These graphs are indeed the result of the first pass of a two-pass tableau and
they are represented using OBDDs. However, for larger systems, the OBDDs generated during model
checking become too large, and the generation of a variable ordering that results in small OBDDs is often
time consuming or needs manual intervention. For many examples no space efficient variable ordering
exists. In other words, the bottleneck of these methods is the amount of memory that is required for
storing and manipulating OBDDs. One-pass (tree-style) tableaux avoids to construct the graph (OBDD).
Indeed, for checking the satisfiability of the system description (and the negated property), they construct
a tree in depth-first way. Henceforth, at any time, only one branch of the tableau is stored and manipu-
lated. Therefore, our aim is to evaluate the context-based one-pass approach of TTM for implementing
a symbolic model checker. Additionally, this model checker will be amenable to producing certificates
as well as counterexamples. To the best of our knowledge, there is no other attempt of using one-pass
tableaux in symbolic model checking. Our experience implementing a prototype of TTM (available in
http://www.sc.ehu.es/jiwlucap/TTM.html) revealed that a large proportion of the computational
effort is spent doing classical propositional reasoning1, for which SAT/SMT-solvers are very efficient
tools.

Propositional satisfiability (SAT) is the problem of determining, for a formula in the propositional
calculus, whether there exists a satisfying assignment for its variables. SAT-solvers are nowadays very
efficient tools for deciding SAT (see [22] for a survey). In the positive case, they provide the models
of the formula. Their several applications fueled the investigation in more efficient and scalable meth-
ods. Satisfiability Module Theories (SMT) generalizes pure boolean satisfiability (SAT) adding other

1e.g. analysing boolean combinations of literals.
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first-order theories. The power of SMT solvers comes from its ability to reason automatically about
arithmetic, boolean operators, arrays, matrixes, digital circuits, character strings, software data struc-
tures, such as lists and trees, etc. The SMT framework is extensible, meaning that new theories can
be defined and added to deal with different sort of problems. An SMT-solver is an automatic software
deciding tool that checks the satisfiability of a formula expressed in a combination of these first-order
theories. Most of the SMT-solvers, if the formula is satisfiable, also give a model. More specifically,
they check, given a (quantifier free) formula ϕ and a theory T (a set of sentences), whether there ex-
ists a model of T that satisfies ϕ . More information about SMT can be found in [18, 24]. There are
many available SMT-solvers for the main operative systems, such as, ABSolver [2], Yices [12], Z3 [11],
OpenSMT [4], etc. Over the last years, the increase in power of modern SAT/SMT solvers has been so
awesome that they have became the key enabling technology for symbolic model checking tools. Indeed,
the reimplementation of the model checker SMV, called NuSMV [8], integrates SAT solving technology
(in combination with OBDDs) since the second version: NuSMV2 [7]. The model checker NuSMV is
open source and is released by IRST in Trento, Italy. We are convinced that delegating to SAT/SMT
solvers the non-temporal reasoning part of the tableau construction will likely lead to a competitive tool.
The main reason is that context-based tableaux are much simpler to construct when their input is the
sort of formulas that specifies a transition system (along with a temporal property to test). Only a very
restricted subset of temporal formulas can be used to design such systems. Coding them into classical
propositional formulas allows us to leave the temporal reasoning only in the scope of the properties to
be checked and not in the systems to be tested. In contrast to proposals that translate the whole model
checking problem on one SAT/SMT-solver query (e.g. [20]), our proposal combines SAT/SMT-solving
with tableau-based temporal reasoning. As a consequence, the proof certificate output shall contain the
trace of the temporal reasoning, which provides hints that are close to the tested system.

Along the rest of this paper, we use the word SAT, but not SMT, because the considered language
does not go beyond propositional variables, i.e. it does not include yet the other features, like integers,
arrays, etc. However, in our preliminary implementation trials we have utilized an SMT-solver to facili-
tate an incremental extension to richer languages.

The paper is organized as follows. In Section 2 we describe the syntax and semantics of PLTL and
its relationship with Symbolic Model Checking. Also, we recall the set of rules of the tableau method
TTM. The reformulation of TTM to be used as a symbolic model checker is presented in Section 3. This
section contains an algorithmic description of our proposal, which basically consists of using a SAT-
solver to help finding models of a temporal formula. In Section 4, we include two examples to show how
our algorithm works, in contrast to NuSMV system. Finally, we draw the conclusions and routes for the
future work.

2 Temporal Logic

2.1 Syntax and Semantics of PLTL

In this subsection, in a similar way to [15], we define the syntax of PLTL-formulas and their models. A
PLTL-formula is built using the constant proposition false, propositional variables (denoted by lowercase
letters like p and q) from a set Prop, the classical connectives ¬ and ∧, and the temporal connectives ◦
and U. A lowercase Greek letter like ϕ or ψ denotes a PLTL-formula. Those of the form p and ¬p,
where p ∈ Prop, are called literals. As usual, other connectives can be defined in terms of the previous
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ones: true ≡ ¬false, ϕ ∨ψ ≡ ¬(¬ϕ ∧¬ψ), ♦ϕ ≡ trueUϕ , �ϕ ≡ ¬♦¬ϕ . In the rest of this paper, we
employ formula instead of PLTL-formula. Formulas of the form ϕUψ and ♦ϕ are called eventualities.
Those of the form ◦ϕ are next-formulas.

The usual ASCII syntax for temporal operators are X for ◦, G for �, F for ♦, and U for U. We call
pure propositional formulas to the ones that does not contain any temporal operator.

Definition 1 A PLTL-structure M is a pair (SM,VM) where SM is a denumerable sequence of states
s0,s1,s2, . . . and VM : SM → 2Prop maps each state si ∈ SM into a subset of Prop.

Intuitively, VM specifies which propositional variables are necessarily true in each state.

Definition 2 The truth of a formula ϕ in the state s j ∈ SM of a PLTL-structure M, which is denoted by
〈M,s j〉 |= ϕ , is inductively defined as follows:

〈M,s j〉 6|= false

〈M,s j〉 |= p if, and only if, p ∈VM(s j) for any p ∈ Prop

〈M,s j〉 |= ¬ϕ if, and only if, 〈M,s j〉 6|= ϕ

〈M,s j〉 |= ϕ ∧ψ if, and only if, 〈M,s j〉 |= ϕ and 〈M,s j〉 |= ψ

〈M,s j〉 |= ◦ϕ if, and only if, 〈M,s j+1〉 |= ϕ

〈M,s j〉 |= ϕUψ if, and only if, 〈M,sk〉 |= ψ for some k ≥ j and 〈M, i〉 |= ϕ for every j ≤ i < k

The extension of the above formal semantics to other connectives yields:

〈M,s j〉 |= true

〈M,s j〉 |= ϕ ∨ψ if, and only if, 〈M,s j〉 |= ϕ or 〈M,s j〉 |= ψ

〈M,s j〉 |=♦ϕ if, and only if, 〈M,sk〉 |= ϕ for some k ≥ j

〈M,s j〉 |= �ϕ if, and only if, 〈M,sk〉 |= ϕ for every k ≥ j

Previous concepts can be extended to sets in the usual way: 〈M,s j〉 |= Φ if, and only if 〈M,s j〉 |= ϕ

for all ϕ ∈ Φ. M is a model of Φ, in symbols M |= Φ when 〈M,s0〉 |= Φ. A satisfiable set of formulas
has at least one model, otherwise it is unsatisfiable.

Example 1 Let ϕ be the formula �(♦p∧♦¬p). Let M be the PLTL-structure defined as VM(s0) =
{¬p},VM(s1) = {¬p},VM(s2) = {p},VM(s3) = {¬p},VM(s2k−1) = VM(s2) and VM(s2k) = VM(s3) for
every k ≥ 3 It is easy to see that, according to Definition 2, M |= {�(♦p∧♦¬p)}.

We are interested in cyclic PLTL-structures to construct models for satisfiable sets of formulas. They
are defined in terms of paths over cycling sequences. Any infinite sequence s0,s1, · · · ,sk, · · · involves
an implicit successor relation, namely R, such that (si,si+1) ∈ R for all i ∈ N. A finite sequence S =
s0,s1, · · · ,sk is said to be cyclic if, and only if, its successor relation extends the implicit R with a pair
(sk,s j) for some 0 ≤ j ≤ k (see Fig 1). Then, s j, · · · ,sk is called the loop of S, s j is called the cycling
element of S, and the path over S is the infinite sequence

path(S) = s0,s1, · · · ,s j−1 � 〈s j,s j+1, · · · ,sk〉ω

where _ �_ is the infix operator of concatenation of sequences and Uω denotes the infinite sequence that
results by concatenation of the sequence U infinitely many times. Naturally, for any non-cyclic finite
sequence S we consider that path(S) = S.
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Figure 1: Cyclic sequence of states.

A PLTL-structure M is cyclic if its (infinite) sequence of states VM(s1),VM(s2), · · ·VM(sk), · · · is a
path over a cyclic sequence of states. The PLTL-structure in Example 1 is cyclic because the path over
its sequence of states is VM(s1),VM(s2) � 〈VM(s3),VM(s4)〉ω .

2.2 Our Language for Symbolic Model Checking

In Symbolic Model Checking, since the system to be tested is represented by a formula, and nothing
forces the user to give an specification with a unique model, the formula to be handled is often satisfied
by a collection of ‘logical’ models. For a simple example, in NuSMV one can specify that the initial
state satisfies property a and that we have a unique transition from any state that satisfies a to a state that
satisfies b. Then, the formula that represents this transition system is equivalent to the temporal formula
a ∧ �(a→ ◦b). This formula has more that one model in temporal logic. Indeed, if one asks NuSMV
whether the property ♦�b is satisfied or not, it returns the counterexample 〈a,b〉ω ; and for the question
�♦a the returned counterexample is a � 〈b〉ω . In other words, from the logical point of view, symbolic
model checking really decides whether a property (temporal formula) ϕ is satisfied in all the models of
the given specification (a set of premises) Φ, that is Φ |= ϕ . Hence, the underlying metalogical concept is
logical consequence that corresponds with derivability (since PLTL is a complete logic). The crucial fact
is that the allowed formulas for specifying the system are a syntactical restriction of general temporal
formulas. In other words, model checking is a particular case of temporal deduction, i.e. the deduction
of a (general) temporal formula from a set of (non-general) temporal formulas as premises.

In this paper, the system to be checked (by PLTL-formulas as properties) is specified by a (finite) set
of formulas of the following three forms:

INIT-formulas Boolean Combinations of Atoms

INVAR-formulas �ϕ where ϕ is an INIT-formula

TRANS-formulas �((
n∧

i=1

`i)→
m∨

j=1

(

m j∧
k=1

◦`k)) where each `i is a literal

This is, essentially, the propositional sub-language of the SMV language –used by the model checker
NuSMV. Indeed, INIT, INVAR and TRANS respectively are the SMV-keywords for the specification
of the initial state, the invariant(s) of the system, and the transitions of the system. We call permanent
formulas to those in the union of INVAR- and TRANS-formulas. In NuSMV syntax of the temporal
operator � is implicit in INVAR, and in TRANS, the temporal operator ◦ is written "next".
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2.3 Tableau Rules

Our proposal is based on the temporal tableaux method, TTM ([15]). Its main feature is to be one-pass
in the sense of not requiring a second round to check, through an auxiliary graph of states, whether all
the eventualities are satisfied or not.

We use the following α-, β -, γ-rules in the construction of semantic tableaux for, respectively, α-
formulas (conjunctions), β -formulas (disjunctions) and next-state formulas. α1 denotes the (set of) con-
juncts of a α-formula, β1,β2 denote the (sets of) disjuncts of a β -formula and γ1 denotes the result of
jumping to the next-state.

α α1

(¬¬) ¬¬ϕ ϕ

(∧) ϕ ∧ψ ϕ,ψ

(¬◦) ¬◦ϕ ◦¬ϕ

Figure 2: Minimal set of α-rules

The minimal set of α-rules is given in Figure 2, they are the common rules in propositional tableaux.

β β1 β2

(¬∧) ¬(ϕ ∧ψ) ¬ϕ ¬ψ

(¬U) ¬(ϕUψ) ¬ϕ,¬ψ ϕ,¬ψ,¬◦(ϕUψ)

(U) ϕUψ ψ ϕ,◦(ϕUψ)

(U)+ Σ,ϕUψ Σ,ψ Σ,ϕ,◦((ϕ ∧¬Σ)Uψ)

Figure 3: Minimal set of β -rules (Notation: ¬Σ =
∨

σ∈Σ

¬σ .)

The minimal set of β -rules is given in Figure 3. All but the (U)+ rule are the usual ones in temporal
tableaux construction (see for instance [3]). The (U)+ rule is crucial in TTM because is the only rule
that uses the so-called context Σ to force the eventuality ϕUψ to be fulfilled as soon as possible. In other
words, when (U)+ is applied to a node labelled by a set Σ,ϕUψ , then the context is Σ and the next state
contains the formula (ϕ ∧¬Σ)Uψ . Therefore, if ψ it is not satisfied, then ¬Σ also bellongs to that state.
So that, the previous context Σ is not repeated. Recall that Σ is a finite set/conjunction of formulas and
¬Σ is the finite disjuntion of the negations of the formulas in Σ. I this way the rule (U)+ forces at least
one formula in Σ to be falsified from one state to the next one, whenever ψ is not satisfied. The (U)+ rule
only applies to a unique eventuality, and a mark is used to distinguish it. Each application of the (U)+
rule to Σ,ϕUψ introduces the so-called next-step variant (ϕ ∧¬Σ)Uψ which keeps the mark. Each node
of the tableau must have at most one marked eventuality. When a node of the tableau does not contain
any marked eventuality, then one of them is randomly marked. In TTM, each branch in the tableau either
closed or is an open branch that represents a PLTL-structure, which is a model of the input formula (for
more information see [15]). The use of the (U)+ rule avoids the construction of the auxiliary graph of
stages (in two-pass tableau methods) to determine whether all eventualities are satisfied or not.
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γ γ1

(◦) Σ1,◦(Σ2) Σ2 where Σ1 is a set of literals

Figure 4: The next-state rule

The next-rule (◦), in Figure 4, is applied to jump to a new state. Given a set of formulas Φ, we
denote by ◦Φ the set {◦ϕ | ϕ ∈ Φ}. Henceforth, the rule (◦) gets the set Σ2 from a set composed by a
set of the form ◦Σ2 and a set of literals Σ1.

For simplicity of the presentation we will describe the algorithm for the minimal set of temporal
operators, however for clarity of the examples we use the usual derived temporal operators, in partic-
ular ♦ and �. In a practical implementation, and in our examples, the rules that are derived from its
abbreviations (see Subsection 2.1) are also considered.

α α1

(�) �ϕ ϕ,◦�ϕ

(¬♦) ¬♦ϕ ¬ϕ,¬◦♦ϕ

(¬∨) ¬(ϕ ∨ψ) ¬ϕ,¬ψ

Figure 5: Derived α-rules

β β1 β2

(∨) ϕ ∨ψ ϕ ψ

(♦) ♦ϕ ϕ ◦♦ϕ

(¬�) ¬�ϕ ¬ϕ ¬◦�ϕ

(♦)+ Σ,♦ϕ Σ,ϕ Σ,◦(¬ΣUϕ)

(¬�)+ Σ,¬�ϕ Σ,¬ϕ Σ,◦(¬ΣU¬ϕ)

Figure 6: Derived β -rules (Notation: ¬Σ =
∨

σ∈Σ

¬σ .)

In Figures 5 and 6 we provide the usually derived α- and β -rules. It is worthy noting that the
rules (♦)+ and (¬�)+) are derived from the (U)+ rule by respectively using that ♦ϕ ≡ (trueUϕ) and
¬�ϕ ≡ ¬(trueU(¬ϕ)).
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Algorithm 1 Tableau(S,P, markedF)
if False ∈ S or a complementary pair of formulas {ψ,¬ψ} ⊆ S then

return ( /0, f alse);
else if there exists S′, and ancestor of S, such that S ⊆ S′ and all eventualities in the path has been
marked at least once then

return (M, true); . where M is the model constructed from the branch where S′ and S are.
else if S is a set of pure propositional formulas and next-formulas then

Let S be a set of the form {ϕ1, ...,ϕn,◦l1, ...,◦lm,◦ψ1, ...,◦ψk}
. where α1, ...,αn are pure propostional formulas; l1, ..., ln are literals; and ψ1, ...,ψk are temporal formulas.

input_SAT := {ϕ1, ...,ϕn,ol1, ...,olm}∪P
return apply-SAT(input_SAT, S, P, markedF);

else
Let ψ be the first formula in S which is neither a literal nor a next formula;
if an α-rule can be applied to ψ then

return apply-α-rule(ψ, S, P, markedF);
else . a β-rule can be applied to ψ.

return apply-β-rule(ψ, S, P, markedF);
end if;

end if;

3 The algorithm

The algorithm builds a tree-like tableau creating nodes and branches. Each branch terminates either by a
leaf that contains a contradiction, and it is a closed branch; or by a loop and it is an open branch. Having
an open branch means that there is a model that makes the set of initial formulas satisfiable. On the
other hand, if all branches are closed, it means that the set of formulas in the root node is unsatisfiable.
Tableaux rules apply to temporal formulas while SAT-solvers deal with classical propositional formulas.

The main method Tableau (Algorithm 1), taking as input a system (expressed according to the syntax
presented in Subsection 2.2) and the negation of a temporal property, answers whether the property is
deduced from the system. Namely, the input is as follows:

– a set S containing the INIT-formulas and the negation of the (temporal) property to be checked,

– a set P containing both INVAR-formulas and TRANS-formulas. In TRANS-formulas we omit the
� operator and substitute each next-formula of the form ◦l by a fresh letter l′. P is called the set of
permanent formulas, and

– a marked eventuality markedF . This is the formula which the (U)+ rule is applied to. markedF is
null whenever there is not any marked eventuality in the current node.

The initial call is tableau(S, P, null). The method Tableau returns a pair (M, open) which is either ( /0,
f alse) when S∪P is unsatisfiable or (M, true) when S∪P is satisfiable and M is a PLTL-structure that
is model of S∪P. In the latter case, the open branch that represents the model has a loop. Hence, the
PLTL-structure returned by the algorithm always is cyclic.

The method apply-α-rule (Algorithm 2) receives the same parameters as Tableau and a formula that
is neither literal nor next formula. The corresponding alpha rule is applied to this formula (according to
Figure 2) and generates a new S′ set. Using mutual recursion, Tableau is called with a new node in which
the S is replaced by S′: tableau(S′, P, markedF).

The method apply-β -rules (Algorithm 3) works in the same way as apply-α-rules with the uniqueness
that β rules return two new sets of formulas instead of one (according to Figure 3). The algorithm uses
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Algorithm 2 apply-α-rule(ψ , S, P, markedF)
switch ψ :

case ¬¬φ :
S′ = apply-rule((¬¬), ψ , S)

case φ ∧φ ′ :
S′ = apply-rule((∧), ψ , S)

case ¬◦φ :
S′ = apply-rule((¬◦), ψ , S)

end;
return tableau(S′, P, markedF);

a depth-first strategy, calling the method Tableau with the first set (apply-part1-rule(rule, ψ, S)
and if this tableau closes, then calling the method Tableau with (apply-part2-rule(rule, ψ, S)). In
both cases, the set of permanent formulas P and the current value of markedF are passed to the new call
to the algorithm tableau.

We would like to remark that the two α-rules (¬¬) and (∧), as well as the β -rule (¬∧), are only
applied to boolean combination of temporal formulas (i.e. formulas that involves at least one temporal
operator). Pure propositional formulas are not decomposed by tableau-rules, they are kept unchanged to
be sent to the SAT-solver.

Algorithm 4 apply-SAT(input_SAT , S, P, markedF)
Let I be the interpretation returned by SAT(input_SAT);
if I = /0 then

return ( /0, f alse);
else

next_step := apply-rule((◦),−,S);
(M,open) := tableau(next_step, P, markedF);
if open then return (M, true);
else

return apply-SAT(input_SAT ∪ neg(M), S, P, markedF);
end if;

end if;

The apply_SAT (Algorithm 4) receives a set of pure propositional formulas and the set of perma-
nent formulas. Since SAT-solvers do not work with temporal formulas the literals and next of literals
{l1, ..., ln,◦l1, ...,◦lm} are labeled as follow: {l1, ..., ln, l′1, ..., l′m} (just as it has been done in the set P
of permanent formulas). When passed to the SAT-solver, different interpretations can be obtained that
satisfy the set of formulas. For each of such interpretation, rule (◦) is applied, generating a new node.
Tableau is called again with it. This process is repeated until an open branch is found or until the SAT-
solver returns no more interpretations. In the first case the model is returned and in the second case
( /0, f alse).

When the algorithm calls to the SAT-solver, asking for a new interpretation, it enriches the input
formula with the negation of the previous model (written as a formula neg(M)). In practice, we use an
API for incremental use of the SAT-solver, henceforth we really only pass neg(M) to the SAT-solver.

When Tableau ends, it returns an answer. It returns ( /0, f alse) when all branches of the tableau have
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Algorithm 3 apply-β -rule(ψ , S, P, markedF)

if ψ = ¬(φ ∧φ ′) then
(M,open):= tableau(apply-part1-rule((¬∧), ψ, S), P, markedF);
if ¬open then return tableau(apply-part2-rule((¬∧), ψ, S), P, markedF);
end if;

else if ψ = ¬(φ Uφ ′) then
(M,open):= tableau(apply-part1-rule((¬U), ψ, S), P, markedF);
if ¬open then return tableau(apply-part2-rule((¬U), ψ, S), P, markedF);
end if;

else if ψ = φ Uφ ′ and markedF 6= null and ψ is not the marked eventuality then
(M,open):= tableau(apply-part1-rule((U), ψ, S), P, markedF);
if ¬open then return tableau(apply-part2-rule((U), ψ, S), P, markedF);
end if;

else . ψ = φ Uφ ′ and markedF = null
markedF := ψ;
(M,open):= tableau(apply-part1-rule((U)+, ψ, S), P, markedF);
if ¬open then return tableau(apply-part2-rule((U)+, ψ, S), P, markedF);
end if;

end if;
return (M,open);

been closed and in consequence, S∪P is not satisfied. In other words, the temporal property is deduced
from the system specification. The tableau returns (M,true) when S∪P is satisfiable and M is a model of
it. That is, M is a counterexample showing that the property is not deduced from the system specification.

4 Examples

This section shows how the algorithm works through two examples about checking whether a finite
directed graph (a representation of a state machine or transition system) contains a cycle starting at some
particular vertex. For example, in Figure 7, the left graph G1 contains a cycle where the node a is
reachable from a, while the right one, G2, does not contain any cycle.

Figure 7: Two finite directed graphs G1 and G2.

We present the solution for both graphs in NuSMV in parallel with our solution. First, we introduce
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the codification of the two problem-instances in NuSMV. There exist many ways of encoding directed
graphs onto transition systems (T S) depending on the nature of the problem to be solved [1]. However,
all of them simulate the adjacency matrix for a given graph G. Essentially, states of T S are the vertices
in G and the transitions in T S correspond to the edges in G.

Figure 8: Transition system for G1 and counterexample returned by NuSMV

4.1 The directed graph with cycles

In the case of G1 the adjacency matrix is as follows. Note that these formulas correspond to a set of
TRANS-formulas

TS1 = { �(a→ ((◦¬a∧◦b∧◦¬c∧◦¬d) ∨ (◦¬a∧◦¬b∧◦¬c∧◦d))),
�(b→ ((◦¬a∧◦b∧◦¬c∧◦¬d) ∨ (◦¬a∧◦¬b∧◦¬c∧◦d))),
�(c→ (◦a∧◦¬b∧◦¬c∧◦¬d))
�(d→ (◦¬a∧◦¬b∧◦c∧◦¬d)) }

To make the transition system above more realistic (in terms of directed graphs behavior), we add
the INVAR-formula that forces to stay on a single vertex each time:

�[ (a→ (¬b∧¬c∧¬d) ∧ (b→ (¬a∧¬c∧¬d) ∧ (c→ (¬a∧¬b∧¬d) ∧ (d→ (¬a∧¬b∧¬c) ]

The above five TRANS/INVAR formulas are used as before to construct the set P1 of permanent formulas:
the � operator is omitted, and ◦a, ◦b, ◦c, and ◦d are renamed by a′,b′,c′, and d′ respectively. Finally, to
say that the initial vertex is a (in our example), we initialize the variable a as true.

Figure 8 (left side) shows the module for G1 in NuSMV as well as the temporal formula that states
"Vertex a is unreachable in the future". That formula is written at the end of the module, in the part
starting with the reserved word LTLSPEC. The corresponding temporal formula in our syntax is

◦�¬a (1)

NuSMV system negates the LTLSPEC formula an try to construct a model. It successes and finds out a
cycle in the graph. Namely, it returns the model of Figure 8 (right side).
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P1, a, ◦♦a

P1, a, ¬b, ¬c, ¬d, ◦¬a, ◦b, ◦¬c, ◦¬d, ◦♦a

P1, ¬a, b, ¬c, ¬d, ♦a

P1, ¬a, b, ¬c, ¬d, a P1, ¬a, b, ¬c, ¬d, ◦(
σ1︷ ︸︸ ︷

(a∨¬b∨ c∨d)Ua )

SAT: {a← F, b← T, c← F, d← F, ◦a← F, ◦b← T, ◦c← F, ◦d← F}

P1, ¬a, b, ¬c, ¬d, ◦¬a, ◦b, ◦¬c, ◦¬d, ◦( σ1Ua )

P1, ¬a, b, ¬c, ¬d, σ1Ua

P1, ¬a, b, ¬c, ¬d, a

P1, ¬a, b, ¬c, ¬d,

σ1︷ ︸︸ ︷
(a∨¬b∨ c∨d) , ◦( σ1Ua )

SAT: {a← F, b← T, c← F, d← F, ◦a← F, ◦b← F, ◦c← F, ◦d← T}

P1, ¬a, b, ¬c, ¬d, ◦¬a, ◦¬b, ◦¬c, ◦d, ◦( σ1Ua )

P1, ¬a, ¬b, ¬c, d, σ1Ua

P1, ¬a, ¬b, ¬c, d, a

P1, ¬a, ¬b, ¬c, d, σ1, ◦( (σ1∧

σ2︷ ︸︸ ︷
(a∨b∨ c∨¬d))Ua )

P1, ¬a, ¬b, ¬c, d, ◦¬a, ◦¬b, ◦c, ◦¬d, ◦( (σ1∧σ2)Ua )

P1, ¬a, ¬b, c, ¬d, (σ1∧σ2)Ua

P1, ¬a, ¬b, c, ¬d, a

P1, ¬a, ¬b, c, ¬d, (σ1∧σ2), ◦( (σ1∧σ2∧

σ3︷ ︸︸ ︷
(a∨b∨¬c∨d))Ua )

P1, ¬a, ¬b, c, ¬d, ◦a, ◦¬b, ◦¬c, ◦¬d, ◦( (σ1∧σ2∧σ3)Ua )

P1, a, ¬b, ¬c, ¬d, (σ1∧σ2∧σ3)Ua

P1, a, ¬b, ¬c, ¬d

SAT: {a← T, b← F, c← F, d← F, ◦a← F, ◦b← T, ◦c← F, ◦d← F}

(◦)

(♦)+

⊗

(◦)

(U)+

⊗

SAT : /0

⊗

(◦)

(U)+

⊗

SAT: {a← F, b← F, c← F, d← T, ◦a← F, ◦b← F, ◦c← T, ◦d← F}

(◦)

(U)+

⊗

SAT: {a← F, b← F, c← T, d← F, ◦a← T, ◦b← F, ◦c← F, ◦d← F}

(◦)

(U)+

Figure 9: Open Tableau for G1
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Figure 9 is the tableau constructed by our algorithm. For readability, the marked eventualities are
in gray boxes. The root node contains the set of permanent formulas P1 in addition with the set S =
{a,◦♦a}. The formula ◦♦a is the negation of formula (1). The algorithm stops when the first open
branch (in Figure 9, the right most one) is found. Then, it returns the PLTL-structure that represents the
cycle starting at vertex a. Hence, this PLTL-structure is the counterexample showing that formula (1) is
false2. It is worth remarking that thanks to the negation of the context introduced by the (♦)+-rule, the
left branch is quickly closed.

Figure 10: Transition system for G2

4.2 The directed graph without cycles

In general, transition systems do not have terminal states, but the graph G2 does. To ensure that the
codification of G2 has no terminal states, we need to add the temporal formula �(a∨ b∨ c∨ (◦¬a∧
◦¬b∧◦¬c)). Thus, from state b, we can only move to a sort of sink state where we stay forever.

Hence, the set of TRANS-formulas TS2 is as follows.

TS2 = { �(a→ (◦¬a∧◦b∧◦¬c)), �(b→ (◦¬a∧◦¬b∧◦¬c)),
�(c→ ((◦a∧◦¬b∧◦¬c)∨ (◦¬a∧◦b∧◦¬c))),
�((¬a∧¬b∧¬c)→ (◦¬a∧◦¬b∧◦¬c)) }

The INVAR-formula that forces to stay on a single vertex each time is:

�[ (a→ (¬b∧¬c) ∧ (b→ (¬a∧¬c) ∧ (c→ (¬a∧¬b) ]

So, the set of permanent formulas P2 is TS2 plus the INVAR-formula where the �-operator is omitted
and ◦a,◦b, and ◦c are renamed by a′,b′, and c′ respectively.

Figure 10 shows the module for G2 in NuSMV, together with the corresponding temporal formula
"Vertex a is unreachable in the future" (see LTLSPEC in Figure 10). When NuSMV system negates the
LTLSPEC formula, it is not able to find a model returning the following answer: specification X(G!a)

2It is easy to check that the counterexample returned by NuSMV in Figure 8 is equal to this cyclic PLTL-structure.
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P2, a, ◦♦a

P2, a, ¬b, ¬c, ◦¬a, ◦b, ◦¬c, ◦♦a

P2, ¬a, b, ¬c, ♦a

P2, ¬a, b, ¬c, a

P2, ¬a, b, ¬c, ◦( (a∨¬b∨ c)Ua )

P2, ¬a, b, ¬c, ◦¬a, ◦¬b, ◦¬c, ◦( (a∨¬b∨ c)Ua )

P2, ¬a, ¬b, ¬c, (a∨¬b∨ c)Ua

P2, ¬a, ¬b, ¬c, a

P2, ¬a, ¬b, ¬c, (a∨¬b∨ c), ◦( ((a∨b∨ c)∧ (a∨¬b∨ c))Ua )

P2, ¬a, ¬b, ¬c, ◦¬a, ◦¬b, ◦¬c, ◦( ((a∨b∨ c)∧ (a∨¬b∨ c))Ua )

P2, ¬a, ¬b, ¬c, ((a∨b∨ c)∧ (a∨¬b∨ c))Ua

P2, ¬a, ¬b, ¬c, a

P2, ¬a, ¬b, ¬c, ((a∨b∨ c)∧ (a∨¬b∨ c)), ◦( ((a∨b∨ c)∧ (a∨¬b∨ c))Ua )

SAT: {a← T, b← F, c← F, ◦a← F, ◦b← T, ◦c← F}

(◦)

(♦)+

⊗

SAT: {a← F, b← T, c← F, ◦a← F, ◦b← F, ◦c← F}

(◦)

(U)+

⊗

SAT: {a← F, b← F, c← F, ◦a← F, ◦b← F, ◦c← F}

(◦)

(U)+

⊗

SAT: /0

⊗

Figure 11: Closed Tableau
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is true. Figure 11 is the tableau constructed by our algorithm. The root node is the set of permanent
formulas P2 together with S = {a,◦♦a}. All its branches are closed as expected. Hence, the constructed
tableau is a formal proof of the statement "Vertex a is unreachable in the future". 3

5 Conclusion

We provide detailed foundations, algorithms and examples on a new idea for using SAT/SMT-solvers in
combination with a one-pass tableau technique for implementing a certifying model-checker. The future
work is not only to implement the tool, and to make an extensive empirical evaluation, but also its exten-
sion to a richer language, including numbers, arrays, etc., whose theory is also supported by SMT-solvers.

Model checkers are among the tools based on formal methods that have a more successful industrial
use, particularly for safety-critical systems. We plan to experiment with industrial examples and compare
our tool with other available ones. We hope that the feedback of the application of techniques to real-
world problems could benefit our future developments. We also plan to extend our model checker for
producing proofs as certificates of satisfied properties usefull for safety-critical systems certifications
processes.
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