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Abstract

Local confluence of conditional term rewriting systems is characterized as the
joinability of a set of conditional pairs including the usual conditional critical
pairs and a new kind of pairs we call conditional variable pairs.
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1. Introduction

When using non-deterministic reduction-based systems, guaranteeing that
two diverging steps can be eventually rejoined is crucial for a faithful use in
most applications. This property of reduction systems is called local confluence.
In a landmark 1980 paper, Gérard Huet proved the following result:

A Term Rewriting System is locally confluent if and only if all its
critical pairs are joinable [2, Lemma 3.1].

Conditional TRSs (CTRSs) consist of rules ` → r ⇐ c where a sequence c of
conditions s ≈ t enables (or not) the application of a rewriting step with `→ r.
Although the notion of conditional critical pair exists for CTRSs (by considering
conditional pairs and a modified notion of joinability to take into account the
conditional part [3]), in sharp contrast to TRSs, there are non-locally confluent
CTRSs having no conditional critical pair.

Example 1. The following oriented CTRS1 R [5, Example 7.3.3]:

a → b (1)

f(x) → c⇐ x ≈ a (2)
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1Conditions s ≈ t obtained from the conditional part c of rules ` → r ⇐ c of an oriented
CTRS are evaluated as reachability conditions, s→∗ t.
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has no conditional critical pair. However, we have f(a)→(1) f(b) and f(a)→(2)

c. This is because, when variable x in the left-hand side f(x) of rule (2) is
instantiated to a, the corresponding instance a ≈ a of the condition x ≈ a of the
rule is trivially satisfied. Thus, we obtain a peak

f(b)← f(←−a )
−−−→

→ c (3)

Note that f(b) and c are irreducible. As for c, it is clear: no rule applies to it.
Regarding f(b), the subterm b is clearly irreducible (again, no rule applies); and,
since the corresponding instance b ≈ a of the condition x ≈ a is not satisfiable
due to the oriented semantics, i.e., b →∗ a does not hold, no rewriting step
applies to f(b) as a whole. Thus, f(b) and c are not joinable and R, as an
oriented CTRS, is not (locally) confluent.

We define a set of extended conditional critical pairs (properly extending the
set of conditional critical pairs) whose joinability characterizes local confluence
of CTRSs. That is, we obtain the following result:

A CTRS is locally confluent if and only if all its extended critical
pairs are joinable.

As a consequence of Newman’s Lemma, and in sharp contrast with other ap-
proaches (e.g., [1, 3]) requiring stronger termination properties of CTRSs (e.g.,
simplifyingness, quasi-decreasingness, see [5, Section 7.2]), we obtain:

A terminating CTRS is confluent if and only if all its extended critical
pairs are joinable.

Furthermore, by relying on a logic-based presentation of rewriting computations
with CTRSs [4, Section 4.5], our results apply to different kinds of CTRSs dis-
regarding the given (join, oriented, or semi-equational) evaluation semantics for
the conditions in the rules, see [5, Definition 7.1.3].
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