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Abstract: In this paper we consider the problem of matching sequences of events

against regular expressions when the detection of atomic events is subject to bounded

time uncertainty. This work represents an extension of previous work, in which the

semantics of matching continuous streams of events was defined for precisely placed

atomic events.

In this paper we show that the general problem of matching with time uncertainty is,

under a reasonable semantics, NP-complete. However, the problem is polynomial if

the expression is fixed.
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1 Introduction

In this paper we consider the problem of matching sequence of events against regular expressions

when the detection of atomic events is subject to bounded time uncertainty. This work represents

an extension of [San10], in which the semantics of matching continuous streams of events was

defined for events with no time uncertainty.

In this paper we show that the general problem of matching with time uncertainty (viz. the

problem with unrestricted expression and unbounded alphabet) is, under a reasonable semantics,

NP-complete. However, the problem is polynomial if the expression is of fixed complexity; we

present a constructive proof by exhibiting a polynomial algorithm for matching with uncertainty

and proving its correctness.

The assumption of bounded uncertainty is a reasonable one in cases like video detection, in

which the inherent imprecision of the analysis algorithm and/or the event definition makes an

exact localization impossible.

2 Uncertainty and semiorders

Definition 1 An event is a triple (a,ξ , [te, te+Δ]), where a∈ Σ (Σ being finite) is the type of the

event, ξ are its parameters, and its occurrence time belongs to the interval [te, te +Δ], Δ being a

system-wide uncertainty constant.
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Remark 1 The parameter ξ contains information that gives events their identity (so that, for

example, two distinct events of the same type can occur at the same time). Events are matched

based on their type, so parameters will in general be omitted. Also, the unit of time can be

defined in such a way that Δ = 1. This choice we shall make, leading to the representation

e = (a, [te, te + 1]). We shall use the notation λ (e) and τ(e) to indicate the type and the first

extremum of the time interval for an event, that is, λ (a, [te, te +1]) = a and τ(a, [te, te +1]) = te.

Definition 2 Given a set of events E, the relations ≺⊆ E×E and ‖ ⊆ E×E are defined as

≺= {(e,e′)|τ(e)+1 < τ(e′)}
‖= {(e,e′)|(e,e′) 
∈≺ and (e′,e) 
∈≺} (1)

We shall commonly write e≺ e′ and e‖e′ in lieu of (e,e′) ∈≺ and (e,e′) ∈ ‖, respectively.

The relation ≺ is antisymmetric (x≺ y⇒¬(y≺ x)) and transitive (x≺ y∧y≺ z⇒ x≺ z), but

it does not form a complete disjunction. That is, the events form a partially ordered set (poset)

(E,≺). The relation || is symmetric, but not necessarily transitive. In the following example

a c

b

�
t

it is a||b and b||c, but a≺ c.

Remark 2 In this paper, from now on, we shall represent posets of events following the time

ordering convention rather than the standard poset one. If x≺ y, x will be placed to the left of y,

and the two will be united by a line. So, we shall represent the previous poset as

a c

b

Definition 3 The relation� is defined as x� y≡ (x≺ y∨x = y); � is reflexive, antisymmetric

and transitive.

The fact that the uncertainty intervals are unitary, however, limits the structure of the posets

that can be expected in event systems. In particular, it is known that unitary interval orders

generate a class of posets known as semiorder [PV97]. Semiorders can be defined as the class of

partial orders in which no restriction is isomorphic to one of the following two graphs

e
����������
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����������

���
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b c d

�����
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���

��
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���

��

�����
f

b c
�����

It is easy to check that events with unitary intervals will never generate any of these orders.

Consider the first partial order above. Since b≺ c≺ d, it is b+1 < d−1, therefore e can overlap

b or d, but not both. This leads to a computational problem simpler than the general interval

algebra of [All83].
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Remark 3 Semi-orders can be represented as sequences of blocks with similar structure. In the

following, capitalized latin letters will indicate layers, that is, sets of events such that if e,e′ ∈AAA,

then e‖e′. The notation

AAA �� BBB

will indicate a complete precedence of the events in AAA over the events in BBB, that is, for all e ∈ AAA
and e′ ∈BBB, it is e≺ e′. A semi-order is then a sequence of blocks with structure

SSS ��

��������������

������������ TTT �� UUU

RRR ��

��������������

������������ VVV

(2)

where TTT may be empty.

3 Semantics of matching

Our problem is to find out whether a collection of events with a precedence relation with the

structure of a semi-order matches a regular expression with variables φ . In order to make these

concepts more precise, we need a definition that applies to general partial orders.

Definition 4 Given a partial order (E,≺), its linearization is a totally ordered set (E,<) where,

for each e1,e2 ∈ E, e1 ≺ e2 ⇒ e1 < e2.

In other words, the linearization of a partial order is any total order that we obtain by extending

the relation ≺ giving an arbitrary order to non comparable elements.

With the events laid out as partial orders, we can consider a strong or a weak semantics.

Informally speaking, strong semantics considers as sequential only events that are sequential in

the graph, that is, e1 precedes e2 only if e1 ≺ e2. If e1||e2 there is not enough information for the

determination, and we consider the events as happening at the same time. In weak semantics, on

the other hand, given two events e1||e2 we consider that the two can be ordered in any way, and

that each of the permissible orders can be a match for the regular expression.

Definition 5 Given a partial order (E,≺) and a regular expression φ , (E,≺) matches φ in

the strong sense (E |=s φ ) if there exists a total order (E ′,<), with E ′ ⊆ E and ≺⊆< such

that (E ′,<) matches φ in the standard sense, i.e. there exists a set E ′ ⊆ E such that, if E ′ =
{e1, . . . ,en} and e1 < e2 < · · · < en, then λ (e1)λ (e2) · · ·λ (en) |= φ in the standard semantics of

regular expressions.

Moreover, E ′ is a time-maximal subset of E, that is, there are e,e′ ∈ E ′ such that for all e ∈ E
it is neither e≺ e′ nor e′′ ≺ e.

Definition 6 Given a partial order (E,≺) and a regular expression φ , (E,≺) matches φ in the

weak sense (E |=w φ ) if there exists a total order < with <⊆≺ (i.e. a linearization of (E,≺))
that matches φ in the standard sense as given in the previous definition.

Remark 4 The strong semantics is not terribly interesting neither from a computational nor

from an application point of view. It implies that there is a path in the semi-order graph that
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matches the regular expression. We can find this path using the standard algorithms for pro-

cessing regular expressions [San12]. Weak semantics is more interesting, since it entails that,

while matching, we can take non-comparable events in any order that we want. Consider the

expression ab∗c and the event graph

b(1)
���

���

a
������

���
��� b(2) c

b(3)

������

(We use an apex in parentheses to distinguish different instances of the same event type; formally

the apex is a component of the parameters ξ of the event. Here b(1), b(2), and b(3) are all events

of type b, which match the symbol b in the expression.)

In the strong semantics, the only sequences of events that match the expression are the three

linear orders ab(1)c, ab(2)c, ab(3)c. In the weak semantics, however, we are free to order the three

b events as we please, since we don’t know in what order they are actually appearing, so we

have six possible solutions corresponding to the six permutations of {1,2,3}, from ab(1)b(2)b(3)c
through ab(3)b(2)b(1)c.

4 Complexity

The previous remark shows that finding all the linearizations of a semi-order that match an ex-

pression can be computationally intractable, since their number can be exponential in the size of

the event set. In the remark the problem arises because there is a set of O(n) incomparable events,

but theorem 4.1 in [San12] shows that we can expect intractability in graphs with incomparable

sets containing as little as two events (in this case, however, there will be O(n) sets of incompa-

rable events). In most applications, however, it is not necessary to find all linearizations: given

a set E of events and an expression φ we want to know, most of the time, whether the events of

E can be construed, without violating any established precedence constraint, as a sequence that

matches φ . We are, in other words, interested in the solution of the following problem:

SEMI-ORDER-MATCH(n,m): given a semi-order (E,≺), with |E| ≤ n, and an ex-

pression φ with |φ | ≤ m1, determine whether (E,≺) |=w φ , that is, whether there

exists a linearization of ≺ such that (E,<) |= φ .

Solving SEMI-ORDER-MATCH(n,m) is inherently hard. We shall prove it by considering the

following problem:

MULTI-SET-MATCH(n,m): given a finite alphabet Σ, a bag N with n elements of Σ
(with repetitions), and a regular expression φ , with |φ | ≤ m, is it possible to use the

elements of N to form a string that matches φ?

If we consider the elements of N as events, then N is a special case of a semi-order.

1 For our purposes, we can interpret |φ | as the number of symbols in φ .
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Theorem 1 MULTI-SET-MATCH(n,m) is NP-complete

Proof. We shall prove the theorem by reduction from X3S(n) (Exact cover by 3-sets, [GJ79]).

Let Q = {a1, . . . ,an} be given, with n = 3q, and let {C1, . . . ,Ck} be subsets of Q.

We build an alphabet Σ = {a1, . . . ,an,#1, . . . ,#k}, where #1, . . . ,#k are unique elements not

contained in Q. Our set N consists of all the elements of the alphabet, repeated only once, i.e.

N = Σ. For every subset Ci = {ai1 ,ai2 ,ai3} we shall build the expression

φi = ai1 ai2 ai3 #i (3)

The regular expression that we shall consider is

φ = φ ∗1 · · ·φ ∗k #∗1 · · ·#∗k (4)

We claim that X3S has a solution if and only if MULTI-SET-MATCH(n,m) has a solution with the

given set and expression.

Assume first that MULTI-SET-MATCH(n,m) has a solution. First note that each expression φi

is matched at most once since in order to match it we have to use the corresponding symbol

#i, and that symbol appears only once in N. So, once we have matched a φi there are no more

symbols in N that will allow us to match it again. If the expression φi is matched zero times, then

(and only then) the corresponding expression #∗i will be matched once to use the symbol #i. If

φ is matched, then the expressions φi will use up all the elements of N, and use up each element

only once, since each ai appears only once in N.

If X3S(n) has a solution, let Cu1
, . . . ,Cuq be the subsets that cover Q. Then the set N matches

φ by taking once the expressions φu1
, . . . ,φuq and taking once the #i expressions corresponding

to the # symbols that have not been used.

On the otehr hand, it is easy to see that MULTI-SET-MATCH(n,m) is NP: a nondeterministic

algorithm simply has to guess the correct ordering of the elements of the multi-set and then use

the standard regular expression algorithm (which is poilynomial) to verify whether the order

matches the expression.

Remark 5 MULTI-SET-MATCH(n,m) is equivalent to determining that E belongs to the Parikh

image of φ [Par66] so the previous theorem is also an alternative proof–simpler and more self-

contained than the one given in [KT10]–that such problem is NP-complete. The previous proof

assumes an unbounded alphabet, as its size grows linearly with n. If we don’t allow this to

happen, that is, if we fix the size of Σ, then the problem is polynomial in n (but exponential in

|Σ|, a consequence of theorem 8 of [KT10]).

Theorem 2 SEMI-ORDER-MATCH(n,m) is NP-complete.

Proof. The problem can be seen to be NP using the same argument as in the previous theorem.

MULTI-SET-MATCH(n,m) is a special case of SEMI-ORDER-MATCH(n,m), since a multi-set

is a semi-order in which the relation ≺ is empty, so the trivial reduction from SEMI-ORDER-

MATCH(n,m) proves that this problem is NP-complete as well.

Corollary 1 MULTI-SET-MATCH(n,m) stays NP-complete even if the expression φ contains no
operator +.
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Proof. The expression that we used to prove theorem 1 does not contain any + operator.

Remark 6 From now on, we shall only consider conjunctive expressions, that is, expressions

without “+” operators. If this operation is present in an expression, we shall assume that the

expression is put in disjunctive normal form, and that teh various disjunctions are analyzed in

parallel.

5 Fixed regular epression

If we consider fixed regular expressions, that is, if we don’t consider the size of the regular

expression as part of the variable size of the problem, then we can match the expression in

polynomial time. We shall indicate with MULTI-SET-MATCH(n) and SEMI-ORDER-MATCH(n)

the problems with fixed expressions, in which the only parameter is the size of the event set, n.

We shall illustrate the idea with an example.

Example:
Consider the expression

φ = (a(ab)∗bb)∗cc∗ab (5)

and a multi-set

N = {|a,a,a,a,b,b,b,b,b,c,c,c}|= {|(a,4),(b,5),(c,3)}| (6)

In order to match the expression φ with the elements of N, we have only to decide how many

times we repeat each one of the expressions under the star. We don’t know this a priori, so we

shall introduce three integer paramenters m1,m2,m3 that tell us how many times we match the

expressions (ab), (abb), and c respectively. Note that although (ab) is contained into (a(ab)∗bb),
the two are considered as independent: not every time that we match (abb) do we have to match

the internal cycle (ab) the same number of times. The string

aababbbabbcab (7)

matches (abb) twice: the first time it also matches (ab) twice, the second time it doesn’t match

(ab) at all. Each expression, matched a given number of times, “consumes” a corresponding

number of elements of N. So, if we match (ab) m1 times, we need n1
a = m1 symbols a, n1

b =
m1 symbols b, and n1

c = 0 symbols c. Similarly, if we match (a−−bb) m2 times (we do not

count again the matches of the internal loop (ab), since we have already counting them with

the parameter m1), we need n2
a = m2 symbols a, n2

b = 2 ·m2 symbols b, and n2
c = 0 symbols c.

Finally, for the expression c∗ we need n3
a = n3

b = 0 and n3
c = m3. In order to match the whole

expression with the specified number of cycles, we need

na = n1
a +n2

a +n3
a +1 = m2 +m1 +1 symbols a

nb = n1
b +n2

b +n3
b +1 = 2m2 +m1 +1 symbols a

nc = n1
c +n2

c +n3
c = m3 +1 symbols a

(8)
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What are the ranges of these paramenters? Each sub-expression under a star uses at least one

symbol for each iteration, so no solution can exist if mi > |N| for some i, which leads to the

limits 0 ≤ mi ≤ |N|. An additional restriction is that if the parameter of a star has value 0 (the

corresponding sub-expression is never matched), then the parameters corresponding to all sub-

expressions under that star must also have value 0.

From (8) we can now derive a system of diophantine equations by equating the number of

symbols that we need in order to match φ with the symbols that we have available in N:

m2 +m1 +1 = 4

2m2 +m1 +1 = 5

m3 +1 = 3

(9)

which has a solution for m1 = 2, m2 = 1, and m3 = 2. So it is possible to match φ using the

elements of N. For example, we can create the string

aababbbcab. (10)

* * *

In the general case, given the alphabet Σ = {a1, . . . ,ak}, an expression φ , and a multi-set

N = {|(a1,q1) . . . ,(ak,qk)}|, let ni
φ be the number of occurrences of ai in a string that matches

φ . We use the variables φ ′,φ ′′, . . . to indicate sub-expressions of φ , and ψ ′,ψ ′′, . . . to indicate

sub-expressions (possibly empty) in which the star does not appear. We can then calculate ni
φ

recursively, based on the structure of φ , as follows:

φ ≡ ai ⇒ ni
φ = 1; j 
= i⇒ n j

φ = 0;

φ ≡ φ ′φ ′′ ⇒ ni
φ = ni

φ ′+ni
φ ′′

φ ≡ (ψ ′φ ′∗ψ ′′)∗ ⇒ ni
φ = mφ (ni

ψ ′+ni
ψ ′′)+mφ ′ni

φ ′

(11)

where, in the last relation, mφ and mφ ′ are new parameters not used in any other derivation with

0≤ mφ ,m′φ ≤ |N|. Finally, we write the system of equations:

ni
φ = qi (12)

This is a l system of linear diophantine equations in the variables m1
φ , . . . ,m

k
φ , where l is the

number of star operators in the expressions. We can trivially find all solutions by checking all

possible |N|l combinations of the values. The condition on the nested stars (if mi
φ = 0 for an

expression φ ∗, then m j
φ ′ = 0 for all j and for all sub-expressions φ ′ of φ ) can easily be checked

in time at most l.

* * *
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The result is less picayune that it might appear. It is true that proving that MULTI-SET-

MATCH(n) is polynomial doesn’t prove that SEMI-ORDER-MATCH(n) is, but we can use this

result to build a polynomial algorithm for SEMI-ORDER-MATCH(n). First, note that MULTI-

SET-MATCH(n) is a special case (restricted to multi-sets) of weak modeling, so MSM returns

true if and only if N |=w φ . Second, we introduce the concepts of the truncate of an expression

and of its continuation.

Definition 7 Let M = (Σ,S,δ ,s0,F) be a finite state automaton, where Σ is the input alphabet,

S the set of states, δ : Σ× S → S the (deterministic) state transition function, s0 ∈ S the initial

state, and F ⊆ S the set of final states. Let s ∈ S; the s-truncate of M, M[→ s], is the automaton

M′ = (Σ,S,δ ,s0,{s})
We indicate with L(M) the language recognized by an automaton, and with L(φ) the language

generated by a regular expression. If s is not reachable from s0, then it is L(M[→ s]) = /0.

Definition 8 Let φ be a regular expression, and M an automaton that recognizes φ . The s-
truncate of φ , φ [→ s] is the expression recognized by the automaton M[→ s].

Example:
Consider again the expression (5), which is recognized by the automaton Mφ :

�� �������	so
a

����������
c �� �������	s4

a ��

c

��
�������	s5

b �� �������	
������s6

�������	s1

b

��								 �������	s2
b

		

a




�������	s3

b
��

The s2 truncate of the expression, (5) is the expression recognized by the automaton Mφ [→ s2]:

�� �������	so
a

����������
c �� �������	s4

a ��

c

��
�������	s5

b �� �������	s6

�������	s1

b

��								 �������	
������s2
b

		

a




�������	s3

b
��

that is, the expression

φ [→ s2]≡ (a(ab)∗bb)∗a(ab)∗ (13)
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* * *

Note that the truncate of an expression is not, in general, a sub-expression in the syntactic

sense. Also, if we indicate with |M| the number of states of M, there are exactly |M| truncates of

M, so the number of distinct truncates of an expression φ is O(|φ |).

Definition 9 Let M = (Σ,S,δ ,s0,F) be a finite state automaton, and s ∈ S. The s-suffix of M is

the automaton

M[s→] = (Σ,S,δ ,s,F)

The s-suffix of an s-truncate of an automaton, M[→s→]≡M[→s][s→], will be usually referred

to as the continuation of the truncate. Also, define M[s1→s2]≡M[s1→][→s2] The suffix and the

continuation of an expresion φ , φ [s→], φ [→ s→], and φ [s1→ s2] are defined analogously.

Example:
The s2-suffix of the previous automaton is the automaton

�������	so
a

����������
c �� �������	s4

a ��

c

��
�������	s5

b �� �������	
������s6

�������	s1

b

��								
�� �������	s2

b
		

a




		

�������	s3

b
��

and the s2-continuation of φ is

φ [s2→]≡ (ab)∗bb(a(ab)∗bb)∗cc∗ab (14)

* * *

We can compose these operators by taking further truncations of this continuation, and so on.

If L1 and L2 are languages in Σ∗, define

L1 ·L2 = {ω1 ·ω2|ω1 ∈ L1 ∧ ω2 ∈ L2} (15)

(in particular, if L1 = /0 or L2 ∈ /0, then L1 ·L2 = /0).

Lemma 1 Let M = (Σ,S,δ ,s0,F), and s ∈ S. Then

L(M[→ s]) ·L(M[s→])⊆ L(M) (16)

Proof. Let ω ∈ L(M[→s]) ·L(M[s→]); then ω =ω1 ·ω2, with ω1 ∈ L(M[→s]) and ω2 ∈ L(M[s→]).
Therefore, if we give ω1 as an input to M, M will go from the initial state to the state s and, if we

apply ω2 to M in state s, it will move to a state s′ ∈ F . So, the whole string ω leads M from s0 to

s′ ∈ F , therefore ω ∈ L(M).
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Note that the reverse is not true. In the previous example, cab ∈ L(M), but cab 
∈ L(M[→s2]) ·
L(M[s2→]), since while recognizing cab the automaton M never goes through the state s2. The

following lemma applies to the syntactic form of the truncates, and its proof is straightforward:

Lemma 2 Let φ be an expression recognized by an automaton M, and s,s′ ∈ S. Then

φ [→ s]φ [s→ s′]≡ φ [→ s′] (17)

That is, the syntactic juxtaposition of a truncate of an expression and a truncate of its continu-

ation is still a truncate of the original expression.

* * *

In order to see how truncates and their continuations can solve matching in polynomial time

(given a polynomial algorithm for MULTI-SET-MATCH(n)), we shall begin with an example.

Example:

Consider again the expression

φ ≡ (a(ab)∗bb)∗cc∗ab

and the semi-order

PPP QQQ RRR

a










��
��

��
�

��
��

��
��

��
�













a
���

���

��
��

��
��

��
��

��
��

��
� b

���
���

��
��

��
��

a

a
������

������

��
��

��
�� b

������

������ b

b

�������
������

������ c

��������
������ c

b

�����������

�������
������ c

�����������

��������
������

b

��������������

�����������

��������
������

(18)

where, for the sake of reference, we have indicated the three layers as P, Q, and R. The events

of the layer P take place, in an undetectable order, before all the events of layers Q and R. So,

if the whole structure matches φ , it must be possible to organize the events of P in such a way

that they constitute a prefix of a string that matches φ . That is, P must be ordered in such a way

that there is a truncate φ [→ s1] of φ and P |=w φ [→ s1]. Applying the MULTI-SET-MATCH(n)

algorithm to all possible truncates (there are at most |φ |), we find that P matches

φ [→ s1]≡ (a(ab)∗︸ ︷︷ ︸
m1

bb)∗

︸ ︷︷ ︸
m2

a (19)

with m1 = m2 = 1 (with both expressions under the star being repeated once; the matching string

is aabbba). The rest of the structure must match the continuation of the expression, so we have

reduced the problem to matching

φ [s1→]≡ (ab)∗bb(a(ab)∗bb)∗cc∗ab (20)
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against the semi-order

QQQ RRR

b
���

���

��
��

��
� a

b

������







 b

c

��������
������ c

c

�����������

�������
������

(21)

Now we repeat the algorithm to find that Q matches

φ [→ s1→ s2]≡ (ab)∗︸ ︷︷ ︸
m1

bb(a(ab)∗︸ ︷︷ ︸
m2

bb)∗

︸ ︷︷ ︸
m3

c c∗︸︷︷︸
m4

(22)

with m1 = m2 = m3 = 0 and m4 = 1 (string bbcc). The continuation is now

φ [s2→]≡ c∗ab (23)

and R matches it, showing that the whole semi-order matches the expression φ .

A possible complication is that a set of events (viz. a layer in a semi-order) can match sev-

eral truncates of an expression. Notice, however, that in spite of this multiplicity of matching

possibilities there can be no combinatorial explosion in the number of possible matching as we

advance into the layers of the semi-order, as the total number of truncates that have to be ex-

amined is limited by lemma 2: it is at most equal to the number of states in the automaton that

recognizes φ (since we assume that φ contains no “+”, this number is linear in |φ |). In the fol-

lowing, for the sake of simplicity, we shall always consider that a set of events matches at most

one truncate. In so doing, we underestimate the complexity of the problem at most by a factor

|φ |, so any result pertaining to polynomiality will not be invalidated.

Before delving into the details of the polynomial algorithm we shall consider a special case of

MULTI-SET-MATCH(n) on which the algorithm is be based. Suppose we have two multi-sets

U = {|(ai,u1), . . . ,(ak,uk)}|
V = {|(ai,v1), . . . ,(ak,vk)}|.

(24)

We want to find a sub-set V ′ ⊆ V such that U ∪V ′ |=w φ . We can solve this problem without

looking at all the subsets of V (that is, without combinatorial explosion) by noting that the prob-

lem has a solution if and only if the diophantine system (12) has a solution (m1, . . . ,mk) with

ui ≤ mi ≤ ui + vi. If such a solution exist, then we define the set

Ṽ =V −V ′ = {|(ai,v1 +u1−m1), . . . ,(ak,vk +uk−mk)}|. (25)

It is easy to see that Ṽ ⊆V .

* * *
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We now turn to the problem of semi-order matching.The most general substructure that we

can find in a semi-order is that of (2), where T may be empty. As we did before, here we indicate

with rectangles groups of events for which the order can’t be determined, and the arrows imply

a full connection between the corresponding layers. So, for example, all events in S come before

all the events in T . The algorithm S-MATCH reduces matching on this structure to matching on

a layer in three steps.

i) Find R′ ⊆ R and a state s1 such that S∪R′ |=w φ [→s1]; call R̃ = R−R′. We now have to match

φ [s1→] to

TTT �� UUU

R̃RR

�������
����� �� VVV

ii) find T ′ ⊆ T and a state s2 such that R̃∪T ′ |=w φ [→ s1→ s2]; set T̃ = T −T ′; the problem is

now reduced to matching the continuation φ [s2→] to

T̃TT �� UUU

VVV

iii) find V ′ ⊆V and a state s3 such that T̃ ∪V ′ |=w φ [→s1→s2→s3]; set Ṽ =V−V ′; the problem

is now reduced to matching the continuation φ [s3→] to

UUU

ṼVV

If what remains is the last layer of the semi-order, then we apply the algorithm MULTI-SET-

MATCH(n), otherwise we repeat steps i)–iii) with the semi-order that begins with this new layer.

The algorithm requires O(n|φ |) applications of MULTI-SET-MATCH(n) and is therefore PTIME.

5.1 Correctness

In order to show that the algorithm is correct, we shall consider a class of series-parallel graphs

that represents a “finer” ordering than the given semi-order and that models the class of solutions

found by the algorithm. As before, we simplify the treatment by considering a single building

block of the semi-order, the hypothesis being implicit that we then apply our considerations

sequentially to all blocks. Let us take again the “elementary” building block of a semi-order, as

in (2). Let � be the partial order that defines it, that is, let

≺̃= (S×T )∪ (T ×U)∪ (S×V )∪ (R×U)∪ (R×V ) (26)

and let ≺ be the transitive closure of ≺̃ and � the reflexive closure of ≺. Consider now sets

R′ ⊆ R, T ′ ⊆ T , and V ′ ⊆V ; define

R̃ = R−R′ T̃ = T −T ′ Ṽ =V −V ′ (27)
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and the relation

�∗= (S∪R′)× (R̃∪T ′)∪ (R̃∪T ′)× (T̃ ×V ′)∪ (T̃ ×V ′)× (U ∪Ṽ ) (28)

Furthermore, let � be the transitive closure of �∗ and  the reflexive closure of �. From the

construction, it is easy to check that �⊆ . The relation  induces a weak order in E which can

be represented as

SSS
RRR′

��R̃RR
TTT′

��T̃TT
VVV′

��ṼVV
UUU

(29)

Note that the algorithm S-MATCH(n) finds a linearization ≤∗ of E such that there are R′, T ′ and

V ′ such with ⊆≤∗, and these R′, T ′, V ′ are exactly the sets found by the algorithm. Also, there

are states s1, s2, and s3 such that

S∪R′ |=w φ [→ s1]

R̃∪T ′ |=w φ [s1→ s2]

T̃ ∪V ′ |=w φ [s2→ s3]

Ṽ ∪U |=w φ [s3→]

(30)

In general, the algorithm will produce a weak order  
QQQ1

�� QQQ1
�� · · · �� QQQq (31)

and a collection of states s0, . . . ,sq, where s0 is the initial state and sq a final state such that

Qk |=w φ [sk−1→ sk]. (32)

Lemma 3 Let � and  be two partial orders with �⊆ , and E a set; if (E, ) |=w φ , then
(E,�) |=w φ .

Proof. If (E, ) |=w φ , then there is a total order ≤ such that  ⊆≤ and (E,≤) |= φ . But since

�⊆ ⊆≤, ≤ is a linearization of � as well, so (E,�) |=w φ .

Lemma 4 Let (E,�) be a semi-order, and φ a regular expression. Let (E, ) be the weak
order of type (31) produced by the algorithm on (E,�) with expression φ . Then

(E, ) |=w φ (33)

and �⊆ .

Proof. The algorithm produces Q1, . . . ,Qq with E = Q1∪ ·· · ∪Qq such that (32) holds. So, for

each multiset (Q, /0) there is a string

ωi = ωi1 · · ·ωi,ki (34)

with Qi = {|ωi1, . . . ,ωi,ki}| such that ωi |=w φ [sk−1→ sk]. Clearly ω = ω1 · · ·ωq is a linearization

of (E, ), and

ω |=w φ [s0→ s1]φ [s1→ s2] · · ·φ [sq−1→ sq]. (35)
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By lemma 2,

ω |=w φ [s0→ sq]. (36)

Since s0 is initial and sq final, ω |=w φ .

Lemma 5 Suppose (E,�) |=w φ , where � is a semi-order. Then the algorithm S-MATCH

produces a weak order (E, ) such that (E, ) |=w φ and ≤⊆ .

Proof. We prove the lemma by induction on the number of layers of the semi-order.

If the semi-order only has one layer, then S-MATCH reduces to MULTI-SET-MATCH(n).

Suppose then that the semi-order has n layers, and let the first part of it be labeled as in (2)

(the set T being possibly empty). Since (E,�) |=w φ there is a total order (E,≤) |= φ . This total

order places the elements of E in a list ω = ω1 · · ·ωn such that ω |= φ . We now create a weak

order (E, ) as follows.

Set ωs = max{ωk|ωk ∈ S} (S being part of a layer, as indicated in )2)), where max is relative

to the total order ≤. Let Q1 = {ωk|ωk ≤ ωs}, then:

i) S⊆ Q1

ii) S1 ⊆ S∪R

Property i) is obvious from the definition. For property ii), suppose there is ωi such that

ωi ∈ Q1 and ωi 
∈ S∪R. It is clearly ωi 
= ωs, since ωs ∈ S. By the structure of the semi-order,

if ωi 
∈ S∪R, then ωs ≺ ωi; on the other hand, if ωi ∈ Q1, then ωi ≤ ωs, which violates the

hypothesis that ≤⊆�.

Q1 contains a prefix of the string ω , so there is a state s1 such that

ω1 · · ·ωs |= φ [→ s1] (37)

that is

Q |=w φ [→ s1] (38)

Q1 is a sub-set of S∪R, and the algorithm tries all possible subsets and truncations of R∪S, so

it will find (among possibly others), Q1 and φ [→ s1], set R̃ = R−R′ and create a new semi-order

in which it will repeat the procedure.

Let W be the semi-order obtained from E by removing the events in Q1. The algorithm will

match W against φ [s1→]. By lemma 2 and (38), we have

ω1 · · ·ωn |= φ
|= φ [→ s1]φ [s1→] (lemma 2)

ω1 · · ·ωs |= φ [→ s1] (eq. (37))

ωs+1 · · ·ωn |= φ [s1→] (lemma 2)

(39)

so that (W,�) |=w φ [s1→]. Since W has less than n layers, by the inductive hypothesis S-MATCH

will succeed and find the solution.
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With these preliminaries, it is now quite easy to prove the main result in this section:

Theorem 3 Algorithm S-MATCH applied to a semi-order (E,�) and an expression φ stops
with success if and only if (E,�) |=w φ .

Proof. If (E,�) |=w φ , then lemma 5 shows that the algorithm stops with success.

If the algorithm stops with success then, by lemma 4, there is a weak order (E, ) such that

(E, ) |=w φ and �⊆ . By lemma 3, this entails that (E,�) |=w φ .

Bibliography

[All83] J. Allen. Maintaining knowledge about temporal intervals. Communications of the ACM
26(11), 1983.

[GJ79] M. R. Garey, D. S. Johnson. Computers and Intractability; A guide to the theory of
NP-Completeness. New York:Freeman and Company, 1979.
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Abstract: Classically, most programming languages use in a predefined way the

notion of “string” as an standard data structure for a comfortable management of

arbitrary sequences of characters. However, in this paper we assign a different role

to this concept: here we are concerned with fuzzy logic programming, a some-

how recent paradigm trying to introduce fuzzy logic into logic programming. In

this setting, the mathematical concept of multi-adjoint lattice has been successfully

exploited into the so-called Multi-adjoint Logic Programming approach, MALP in

brief, for modeling flexible notions of truth-degrees beyond the simpler case of true

and false. Our main goal points out not only our formal proof verifying that string-

based lattices accomplish with the so-called multi-adjoint property (as well as its

Cartesian product with similar structures), but also its correspondence with interest-

ing debugging tasks into the FLOPER system (from “Fuzzy LOgic Programming
Environment for Research”) developed in our research group.

Keywords: Cartesian Product of Multi-adjoint Lattices; Fuzzy (Multi-adjoint) Logic

Programming; Declarative Debugging

1 Introduction

In essence, the notion of multi-adjoint lattice considers a carrier set L (whose elements ver-

ify a concrete ordering ≤) equipped with a set of connectives like implications, conjunctions,

disjunctions and other hybrid operators (not always belonging to an standard taxonomy) with

the particularity that for each implication symbol there exists its adjoint conjunction used for

modeling the modus ponens inference rule in a fuzzy logic setting. For instance, some adjoint

pairs -i.e. conjunctors and implications- in the lattice ([0,1],≤) are presented in the following

paragraph (from now on, this lattice will be called V along this paper), where labels L, G and P

mean respectively Łukasiewicz logic, Gödel intuitionistic logic and product logic (with different

capabilities for modeling pessimist, optimist and realistic scenarios, respectively):
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